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ABSTRACT

In this research work, the rigorous hybrid-mode full-wave analysis is used for an
accurate characterization of planar and quasi-planar microwave and millimeter-wave
structures, required by the spectacular growth of microwave technology The method of
lines is used as a mathematical tool for solving the associated eigenvalue problems, for
modelling the dispersive properties of the aforementioned structures. The frequency
dependent characterization of general planar multilayer multiconductor waveguiding
structures based on isotropic and/or anisotropic substrates, has been established by
using directly field components or suitable Hertzian potential functions formulations.
This technique has also been applied for the analyéis of structures with finite
metallization thickness, in order to improve the modelling of planar microwave cifcuit
gtructures that are of reduced size and operating at higher frequencies. Furthermore,
the E-plane plahar circuits, particularly finline structures, have been investigated with
practical considerations. "In addition to thé substrate anmisotropy and finite metal
thickness parameters, the sidewall grooves, used in an actual realization to support
mechanically the substrate, has been accounted for an efficient analysis of this kind of
structures particular interest is directed to the analysis of isolated unilateral finline
configurations which are suitable for mounting semiconductor devices, where one or
both fins are isolated by a gasket which allows a dc voltage to be developed across the
fins. The numerical results obtained by the developed algorithm are found to agree
excellently with the published data for a wide range of planar microwave and
millimeter-wave structures. The effect of the technological parameters such as
substrate anisotropy, strip thickness, side-wall groove depth and insulating gasket

height have been also discussed.
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introduction

The evolution of microwave engeneering in the last three decades originates from the
emergence of semiconductor devices operating at microwave frequencies. A new passive
microwave structure media have been developed and adapted to these semiconductor
devices in a printed circuit form working at higher frequencies, in analog way as printed
circuits operating at the low frequency range. Present types of Microwave Integrated
Circuits (MICs) have gradually evolved to fulfill the substantial demand for very
compacted microwave systems and subsystems. In hybrid forms. almost all passive
elements of MICs are developed on a single or multilayer dielctrics. The Monolithic
Microwave Integrated Circuits (MMICs) approach is a further technological step
involved for modern microwave system designs, offering enhanced scope for the
miniaturization of microwave and millimeter wave equipements. In the monolithic
approach, all active and passive circuit elements are fabricated on a semi-insulating
Gallium Arsenide (GaAs) substrate by some deposition shceme such as epitaxy, 1on
implantation, sputtering, evaporation, diffusion, or a combination of these processes and
others [1]. _

The availability of small size semiconductor devices made it necessary to look for the
transmission media compatible with these devices. For a transmission line structure to be
suitable as circuit element in MICs and MMICs ., one of the principal requirements is
that, the structure should be planar in configuatation [2]. Fig | shows various forms of
transmission structures, which are assembled from planar conductors or conducting
strips on insulating substrates, that are essential elements in microwave, millimeter-wave
hybrid, and monolthic microwave integrated circuits. Metal strips are deposited by thin-
film or thick-film technology on dielectric substrates, procuring mechanical stability.
These transmission line structures have distinct advantages such as light weight, small
size, improved performance, better reliability and reproducibilty and low cost.

The microstrip line is by far the most popular one. although the interest for alternative
configurations such as the coplanar waveguide 1s recently growing Although the
microstrip has been used also at millimeter wave frequencies, E-plane circults seem to
be more viable condidates in such a frequency range These are printed circuits placed in
E-plane of a rectangular waveguide. At very high frequencies the use of thinner
substrates with low dielctric constant is also usefull to avoid problems of excessive
miniaturization. Low dielectric constant materials and the presence of air gap. as in the

suspended microstrip. 1s also recommended to reduce conductor loss [3]
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The recent advances in microwave technology involve the previous complicated circuit
configurations and structures of small size when higher frequencies are used This
engenders a number of unwanted phenomena and the approximated electrical
characteristics are no longer valid A corroloary of this, 1s that for MMICs design, it 1s
difficult or virtualy impossible to tune circuits after manifacture Clearly. there 1s an

urgent need for accurate numerical characterization of microwave circuits  and

components.
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Fig. | Plannar transmission line structures

Two analytical approaches are principally used for an accurate characterization of
transmission line structures, the quasi-static and the full-wave approaches.
The quasi-static approach 1s suitable for the analysis of structures supporting TEM or

quasi-TEM wave mode. It is however. an approximate technique that cannot be expected



to give extremely accurate results in all practical cases, particularly n the higher
frequency spectrum. According to reference [2], the microstrip transmission lines which
are fully shielded and completely filled with dielectric material can propagate transverse
electromagnetic, transverse electric, and transverse magnetic modes. Partially filled and
fully shielded lines cannot support these modes because the boundary conditions at the
interface between air and dielectric cannot be rigorously fulfilled In addition, as it has
been indicated 1n [2] that a hybrid mode can be found which satisfies all boundary
conditions and which can be decomposed into sums of transverse electric and transverse
magnetic space harmonics. It can be deduced that the hybrid mode. for planar structures
supporting Quasi-TEM mode, propagates at all frequencies and it approaches the
transverse electromagnetic mode at low frequencies or for sufficiently small line
dimensions [2].

In order to achieve an accurate characterization of these planar transmission line
structures at higher frequencies, the hybrid-mode full-wave analysis has to be adopted.
Since 1t is iherently much more computationally expenswe It 1S very 1mportant to
devise appropriate techniques apt to reduce or mamtain at acceptable levels the
computational effort. Microwave litterature provides a wide variety of numerical -
techmques capable of tackling the actual adressed eigenvalue problem. Among those
mathematical methods provided in the litterature. the Method of Lines ( MoL ), which
has been recently applied to the field of electromagnetic- wave engineering by Pregla et
al [4] in 1980. Since then, its use with eIectromégnetic wave problems, continues
incessantly, and it 1s being established as one of the powerful numerical methods for the
analysis of planar microwave integrated circuits and optical structures. The most serious
difficulty, as for other numerical techniques based on the discretization aspect, in using
this technique for the analysis of structures having open boundaries. Consequently, the
developement of this method to overcome such limitations is pressingly needed, and
research on this topic has been extensive in the very recent years.

The objective of this work 1s to describe, discuss the MoL and illustrates its application
for the characterization of planar and quasi-planar MICs and MMICs structures using
the full-wave approach.

The first chapter deals with mathematical basis and concepts of the semi-analytical
Method of Lines, which are established by describing the numerical algorithm and the
steps required for solving a certain types of partial differential equations This technique
has been applied particularly for solving generalized Dirichlet boundary value problems
but can also be used to solve Neumman problems In order to show the method
consistency and numerical accuracy, illustrative examples are undertaken. which consist

of solving Laplace equation for a simple regular and curved boundary conditions cases.
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Chapter 1

The Method of Line
Mathematical Foundation

1.1 INTRODUCTION

In sight of the increasing use of mathematical analysis for applications in physics and
engir.lee'rmg sciences, 1t has-become evident that a great amount of researches were
attached to this perspective. The study of partial differential-equations (PDE). has been
the major projects of mathematics for two centuries, and practically every field of
modern science depends on these equations for the foundation of the quantitative aspect
of its theory. The subject is vast and. in fact, many basic problems élre still uhsolved, but
a few important equations have been solved completely and many methods have been
devised to solve PDE, capable of affording an arbitrary high degree of accuracy, in a

wide class of situations, if calculating devices are correspondingly high -

Among those methods available in mathematical literature, the method of lines is of
interest . This method is a semi-analytical technique for solving two, or recently
extended to more, variables PDE  The idea behind this method for solving PDE
problems, consist on the application of the finite difference approximation for one or
more variables of the PDE while leaving only one variable in its analytical form. Hence
the PDE 1s transformed to a system of Ordinary Differential Equation (ODE), where
most of time, can be solved analytically as indicated in [1.,2] This idea was first applied
by R. Eothe [3] in 1930 to equations of parabolic type Few vears latter , in 1939, this
method was first used as a means for numerical solution of elliptic problems in
mathematical physics by M. G. Slobodianskit [3] In 1949, steeping up this principle
more conventently, V.N Faddeva [4] has qualified this method as the method of lines,
where she developed and applied this method to boundarv value problems. In one hand.
to solve Laplace equation and Poisson equation, on the other hand to solve the thermal

conductibility equation. The application of this method of lines has been increasingly



evolved to involve solution of large variety of PDE [1]. For further details about the

evolution of this technique, we may refer to [5-7,10-12] included in [1].

The objective of this chapter 1s to set up the mathematical foundation of the Method of
Lines by establishing the description of the discretization procedure and the steps
required for deriving the solution of the partial differential equation in question. For
convenience, only a certain type of two variables PDE of equilibrium problem [3].
known in mathematical parlance as boundary value problems, thdt are invoked in
physical problems, are considered. The method 1s applied particularly to Dirichlet
boundary value problem, but may be easily extended to Neumman boundary condition as
well. For simplicity, it 1s assumed that the unknown solution functions do not possess
singularities neither in the interior of the integration domain, that is to be discussed in
the next chapter, nor on the boundary contour In addition, only a closed contour is
supposed to be the domain of solution. For computation convenience and to show the
method’ consistency, illustrative examples are undertaken, for both the simple boundary
“ype and the curved one. This consists of solving the Laplace equation in Cartesian co-

ordinate and polar co-ordinate according to the boundary type.

1.1-1 Finite Difference Approximation

To illustrate the 1dea about the method of lines. it is first necessary to consider the
nomenclature and the fundamental concept encountered in this form of approximation

theory.

In Finite Difference Method (FDM), the domain of solution of the given PDE is first
divided by a finite number of mesh points. The derivative is then replaced at each point
by a finite difference approximation. Thus the differential operator of the PDE is

completely substituted.

The Method of Lines (MoL). is an alternative to the FDM, where the domain of solution
1s merely discretized according to one space variable, so that the solution is considered
on straight lines (Fig. 1 1-b) rather than on nodes (Fig. | 1-a) as in FDM. The derivative
is also replaced at each line by a finite-difference approximation. Hence the differential

operator of the PDE is partially substituted.

Chapt. 1 The Method of Lines, Mathematical Foundation 7
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Fig. I.1a: Discretization for FDM Fig. 1.1b: Discretization for MoL

To get a better distinction between the discretization scheme concept of the two
methods, a generalised second order PDE case is selected where more than two space
variables are used. The FDM discretize the domain of solution over all its space
vartables. While the MoL keeps only one space variables in its analytical form and

discretizes all the remaining space vanables.

1.1-2 Second-differences and derivatives relations

Consider a function u(y) within a certain interval, where its higher derivatives exist. The
second order difference A'w = u(y ~2h)+ u(y +h)+u(y) may be approximated in terms
of the second derivatives of # at points y + 2k, y+h and ," with an error of order 6

Using Taylor series expansion, we can write

. h d- T+ h Wd’ .
11(}‘+2h):11(_y+h)+hdu(} h)+ aru(y+h) _d“(}fh)

d 20 w3
<+ 4 .
+hqa’ 11(}’ h)+0(h”)
4! dy”
t
du(y+hy h d’u(y+h) h du(y+h)
N=u(y+h)—h—-: +— — —— -
u(y)=u(y+h) 0 T 3 gy
4 44 o
+h_d ”(}fh) Lo
41 dy
Hence
cdiu(y h du(y +h i
H(}'+2h)—211/(»'+h)+u(y):}ra{“Ufh)ﬂ‘u_w “(}4 )+O(h”) (I
) ' dy? 12
but we have

Chapt.1 - The Method of Lines, Mathematical Foundation 8



d:u()'f2h) _ dzu(_vf h) o h d;u(yf h) *h_:a”u(y +h) o
v’ dy- dy’ R T
dzu(:y) _ a’:u(_yf h) _h a’:u(yfh) +h_:d41/()'+h) L
dy” dy” dy’ 20 W7

Summing up these two equations, yields

h

iyl dru(y+2h) diu(y ) du(y) Lo

S oy dy” o

Substituting these last expressions into equation (1.1), we get

sdu(y +h) +h_: d u(y +2h)

Nu=u(y+2h)- 2u(y+h)y+u(y) = %h

Ed:”(y)+0(h“) _
12 dy°

1. 2 Quantitative description of the MoL
1.2-1 Equations of Elliptic type

~ As an introductory description of the method, an illustrative simplified example, _
namely the Dirichlet boundary value problem, where the function to be find. has to

satisfy the following equation:

(?'11(.\’:)') N ("u(x:)') -0 (1.3)
x - cy

Subject to boundary condition # = 0 along the closed contour of the domain of solution
D The contour is assumed convex, that is each straight line parallel to the x- axis.

crosses It in only two points.
A

Let us first uniformly discretize the domain of solution

A . , A D
by straight equidistant lines. parallel to the x-axis as (D)

shown in Fig. 1.2, at  y=y; y=y. .y 3, !
If we designate u, (x) = u(x.y, ), then each function of _‘ @
u, (x). u, (x)and v, (x) satisfies the relation (1 2) 9

Fig. 1.2 Discretization of the
solution domain

Chapt 1 The Method of Lines, Mathematical Foundation 9



In this case , at each line we have:

S . u(x,y h™ Eulx,y),
", ‘(x)—Zuk(x)ﬂ/,,,,(x):~h“#l, ‘ +—-—MJ -
i k-t - ~ 2 [ -~ 2 RSO

6 cy ‘ 12 cy !

. 5(:3,,(,\»,_1)! Lo (1.4)
12 &y
from equation (1.3) we have
,‘J: X. V) .
S o)
cyo

Substituting this last expression into equation (1.4), where the truncation error of the

infinite series is of order 6, the following system is then obtained:

‘ I : 1
uk(x)+l—7[uk,;(x)+u,( ](x)]+;:—[uk,l(x)—2uk(x)fuk l(x)]:O ' (1.5)

| i

k=1,

!

N

The system (1.5) which is a set of ODEs. is mdependenﬂy established from the contour
delimiting the domain of solution. The solution u(x.)) 1s now described by n functions
u, (x) {/{ :,1;2,--«,11} that may be easily obtained by -olving the system (1.5) when

associated with the boundary conditions.
At each border of the contour (D) (see Fig. 1.3), the limit functions u,(x) and u,  (x)

have to be evaluated according to the boundary type. Two shapes of boundaries are

considered and are of particular interest in our main investigation.

Regulur boundaries :

The Limits of the domain (top and bottom borders) are represented by straight lines,
which are parallel to the x-axis (Fig 1.3-a). In such a case, the functions u,(x) and

u, , (x) are regularly constant.
Curved boundaries

The Limits of the domain are not represented by straight lines as shown in Fig (1 3-b).

Chapt. 1 The Method of Lines. Mathematical Foundation 10



yA YA
i :
: ] o)
£ = (D) -
J A \
s —\ \ /
yi N
= — t] SNe—"x
U e N
S X

a - Regular boundaries b- Curved boundaries
Fig. 1.3 illustration of line positions at boundary limits

The above treatment may also be used for non homogenous PDE, as shown for the

following Poisson's equation:

(?311(.\’.,}') . (’-311(_r,)') f(xy) (16)

fa J .

cxo

Subject ta boundery conditions  u#(x,y) =0 over the border of the closed domain of

.

solution. .
Equation (1.6) may be restated, at a given position Vi, as follows

U (0~ () 7

» (?),-

Where f (x)=f(x.y,). After applying the foregoing procedure, the system of ODE

will have the following form :

%uk (x) +%{UH (x)+u, (x)] +hh13[um (x)-2u,(x)+u, (x)]

_f~k(x)_.fA-I(—Y)Mz.f;\:'Y)+.f;L ;(x) =0 : k — 132’...7”

Which can be reduced to -

lz)zu(,\’)+1—li[11A».1(X)+zzk ‘(X)J*hi;[m.l(x)‘zm(X)*“A ()] s
5, Joa () + fia(x) —12...N
‘g-f"(x)“ B =0  k=12---N
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Note that, once the functions #,(x), u, (x),u (x) and u, (x) are evaluated according
to appropriate boundary conditions (for Dirichlet condition u (x)= u,  (x)=
u (x)=u, (x)=0). the system (1.8) is completely determined.

In this way, the solution u(x,y) is approximated by a set of n functions 1, (x), which in
turn are obtained from this last system this compels us now. to solve this system by

taking each type of boundary in turn.
1.2-2 Regular boundaries

In this section, the solution of the boundary value problem is considered in a deeper
analysis through examples of Dirichlet problems, particularly for Poisson and Laplace
equations, constrained by regular boundaries. The boundary conditions are regular when
the limits of such boundaries are only represented b‘y straight lines.

For simplicity, let's take back the Poisson's equation:

Cul(x,v) + ('?:'“(x‘}'v) =f(x.y)

a2 .
cx Yy

Subject to Dirichlet boundary condition #(x.y) =0 over the closed contour. This means
that at both limits of the domain of solution u,(x) =u, , (x) = u (x) = u_ (x)=0

The established system 1s rewritten as-

S 1 . l
el - - _ _ n _ - 19
()Hk(x) , 12[uk,,“(ﬁc) u, ,l(x)]+h: [, (x) =2, (x)+u, (x)]-F(x)=0 ( | )
k=12---n
. S X))+ Jiooo(x
Where lu.(x):—,fk(x)%f‘ )+ e (x) (1.10)
6 12
In order to arrange the system (1.9) of ODE 1n a vectorial form. we designate.
U=l w0l L F= oo fico fool
s K
Ay | =l ‘
s 1 ‘ -2
3 {
N M= (1)
| 5o 2o
| N .
T t o
L noal
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Using eq (1.11), the system (1.9) may then have the following form:

A(/+}%MU—F:O (1.12)

Yet, a direct solution of the system (1.12) is not possible, since three components of
which are coupled to each other To decouple this system. the matrices A and M must be
diagonalized by suitable transformations As these matrices are symmetric, an
orthogonal transformation matrices are possible. for a suitable normalization of their
eigenvectors. This allows in fact to avoid the matrix inversion task Moreover, 1t is worth

to note that -

12

Where [ 1s the identity matrix It is evident that from this relation , to disregard the
transformation matrix of A and carrying out only the transformation matrix of M. Indeed.

let T be this orthogonal transformation matrix that transforms M into a diagonal form :

I'"MT =2 . A=diag(i,) k=12n

N

and

I'AT =2 - A :dz’ag(HI;—;) k=12.n

The elements A, of the matrix A are the eigenvalues of M, and the column vectors 7, of

the transformation matrix T be the eigenvectors belonging to the matrix M. To determine

/. and 1. the following eingenvalue problem has to be solved:

(M= At =0 k=12.--n (1 13)

As M 1s a symmetric tridiagonal matrix, we obtain a second order difference equation:
1+ Q2+ A 15, =0 k=12--n (1.14)

Note that. only the first and the last equation of the system (1.13) are different from this

last form The general solution of the system (1 14) is given by .

1= Are + Bre (1.13)
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Substituting equation (1 15), into equation (1 14) gives -

b
Av =2(1-cosg: ) =4sin” ¢, /2 (1.16)
Equation (1 14) is the general form of the eigenvalue problem established independently
from boundary conditions. A complete determination of the constants a,, 4, and B, is
achieved by merely extending the solution (1.16) to the first and the last equation using
fictitious quantities and appropriate boundaries as well. Thus equation (1 15) 1s also
fulfilled.
For the Dirichlet-Dirichlet (upper and lower limits) boundary conditions, which is the
case of the current problem. the number of lines is ». Then, the first and the last
equations run as follows :
=0
i i, =0
=--Using eq.(1.16) we have:
. I 1 Ax -
- o -0 (L.17)
eJ\n ik e Jin Wk B/\‘
For nontrivial solution. the following conditions must hold
e SNl L it eton - (1.18)
3 _ k
b It 1s easy to show that ¢, = Ll k=12, n.
, n+1

Using this last fact, the eigenvalues £, are then, given by :

A =4sin" k=1.2.....n (1.19)
2n+2
It can be seen from equation (1.17) that 4, = -8, and eq (1.16) gives
1= Acsinige k=12.....n (1.20)

In order to normalise the elements of the matrix T with respect to 1ts column vectors,

the coefficients A, must be suitably chosen such that -
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i(Akfzk ): - 1

Ak:iti = Ak:isin: thz =1
1 - !

n-1

From the orthogonal property of the Sine function, it is easy to show that

.. tkm o on+1
S sin® AT
, n+ 2

Using equation (1. 21), the coefficients 4, are such that:

—_—

2

_
& _\/n+1

Substitution of 4, and ¢, by their corresponding expressions and from eq.(1.20), the

ergenvectors f;, elements of the matrix T, are therefore, given by -

, 2 ik , - | 29,
1= T1, = \ sin aidl k=12--.n : .(1'22)

n-1 n+1

Since the vectors 1", components of T are orthogonal th-n it follows that -
I''=71 and I'=T"

After premultiplying equation (1 12) by 7" | the system is entirely decoupled and gets

the following form

(/+1“A;) I z/"+%ﬂ» " U-TF=0 (1.23)
Z 1

For a convenient formulation, we designate the following transformed vectors:
I U =1 = {;1(_v),1‘1:(x)...;n(x)}[
I'F=F=[f(0).f.(x)..f (0]

Hence. the system 1s simplified to

(1+A

T+ AT - F =0 (1.24)
12 h
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Since this system is entirely decoupled. it 1s equivalent to a set of » independent ODEs -

5 A
Ay — Ay —  —

)H.'» +_~”A'*,/A':O /(:1\2.--~J1
12 h

(1 +

[f we introduce the following designations:

The system (1 24) 1s reduced to the set of ODEs:
Tl/,——‘(,\’)‘?‘a}\»:z(,r)*U/L(,Y):O k=12,---.n

The solu‘tion of this Sy'stemjs given by -

A

L}

w0 (X)= A, sh aix+ B ch aix+uo(x) k=12

Where v, (x) 1s the particular solution of the system (1.26).

(1.25)

(1.27)

- . ¥y A
In the case of quite simple form of y_(x), the T~ ]
particular solution v, (x) may be found using the (D)
method of variation of parameters where 1t is
easy to show that this particular solution has the ]
form : >
UA(x):Lfshak(x—t)z//k(t)dl (1.29) '
Ay Xn
where the hmit x, 1s the left limit of the domain Fig. 1.4 illustration of lefi

of solution as shown in Fig. 1 4

limit conditi o X

However, a simplified form of the solution may be acquired when the solution doi 1in 1s

symmetric with respect to x-axis. This situation may be realised by judic ously

positioning the axis-co-ordinate, if the domain of solution has the property of s\ "Mry

for both its shape and its boundary limits. Therefore, the solution 1s simplified tc¢ dd

function of x; that 1s-
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I(x) =¢chagx + J( xX) &k

Il
[
~
~

(1.30)

and

__ 1 7
UL»(.‘(‘):%J‘S/I ac(x—=1)yye(Hdr (1.31)
ay

This solution was obtained in the transformed domain, and has to be transformed back to

the original domain such that

U=T'U=TU

In other word:
w (x)= Zlh Z(x)
i

Thus the solution in the original domain. when using the elements of the T-!, may be
written as . '

w(x) = Zlhc, ch a,x+Zlh U (x)
[ fe]

~ | 2
:Z ’ ¢ sin cha,x+
;1V11+1 n=+1 (132)
X o 2 l . /(
> ¢ — sin- ﬂshal(x—z)dl k=12--n
Tvn-1 « n+1

[t 1s important to notice, that the solution of (1 32) is established independently of the
contour type, re. its shape. The constants ¢, c-, ... . ¢, are evaluated from the
algebraic system obtained from equation (1.31) after substituting the boundary
conditions at the extremity, of both right and left sides. of the considered domain limits.

Similarly. for a non symmetric domain, the solution in the original domain 1s given by

. (x)= Z’*” (Ashoa,x+ B, cha,x) ~ Z"‘ v (x)

——

n ,-) .
= \/ —— sin thz (Asha,x+ B, cha,x) + (1.33)
“Vn-+1 n+1
e |2 . ik
J.Z / —lsm ! ﬂ,s‘haz(x—r)y/;(z)a'r k=12-.n
,]\JH+1 a, H+1
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The constants A4,. B, A4,. B, oA, B, are evaluated from the algebraic system

obtained from equation (1.33) after substituting the boundary conditions at both left and
right extremities of the domain of solution

A widespread case used along the present work 1s illustrated, where the boundary limits

of the solution domain is represented by straight lines parallel to their axis (boxed-
contour) as shown in Fig. (1.5)

¥ -
T«D) y 4 (D

,(
-y
=Y

X ’ Y Y

a -svimetric domain b-non symmetric domain

Fig. 1.5 Symmetric and non symmetric Domain of solutions

In the first situation of symmetric domain of solution (Fig 1 5-a), the constants ¢; are

determined in a formal analytical way from the following system-

u.(x,) ¢ chax + v (x) 0
u.(x,) e cha.x, + v, (x) 0 (134)
u (x) ¢,cha,x +uv (x) 0
Where
¢ :_‘U’(x’) =12, n
chax,

(135)

Similarly, in the case of non-symmetrical domain of solution, the constants A} and Bj are

also directly obtained from the following two systems

711(_\”1,) A[ ShC(xX,u*[)ﬂ ChC(vX/,-‘fU[(_\’[,) 0

- (_\’, j) 7 A: sh a-x;, +~ B: ch a-x;, + U;(,\’/, ) 0
: . .

L”” (x.;) Assha.x;, + B.cha,x,, + Ua(X1,) 0

(1 36-a)

Where /.r stands for erther left and right boundary condition These two systems of

equations, when gathered, may be abbreviated in the following form
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{A, sha.x; + B, sha,x; + v, (x;) =0 r (1.36b)

Ashax, + Bishax, + v, (x,)=0

Where, the unknowns A; and B, are then independently obtained from this latter system.
1.2-3 CURVED BOUNDARIES

The foregoing treatment is also applied to this curved type domain of solution, where the
boundary Limits are not supported by straight lines. When this boundary limits are
represented by straight lines. the solution 1s affected with an error due to the curvature
shape. An attempt was made [4] to obtain more accurate results but its validity is still
constrained for a particular type of PDE cases. in which the limit functions u,(x) and
u, (x) are approximated with functions according to the shape boundary limits. The
ceneralized numerical solution proposed to solve this problem 1s to use a non equidistant
“liscretization scheme, when the contour shape is revealed to brusque or sensitive
variation e g. Wed%es and sharps. The main idea of non uniform discretization is to
shorten the discretization intervals when a considerable shape variation occuf, and widen
these intervals as long as the shape of the boundary contour is smooth. Another easy and
obvious way is to reduce this error by increasing the number of discretizations as long
as the round off error 1s negligible. depending thus on the computation capabilities. This
latter approach 1s briefly considered in this section. The unique distinction over the
former procedure to be noted, is that the boundary conditions are situated at a moved x-
position, and the following system is valid for a symmetric domain of solution case (see
Fig 1 S-a):

uk(x):Zrmc, cha,x+ZthU1(x) k=12--n
-1 |

Thus, we have

¢ vl
Ly g=1] (1.36-a)
Ca Un
Where,
['w =1i chaxs (1.36-b)

Therefore, the coefficients ¢; are determined after inverting I’ matrix and the solution is

entirely derived over all the domain of solution.
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1.3  DIRICHLET - NEUMMAN BOUNDARIES

Besides the case of Dirichlet boundary value problems, the Neumman and/or the
mixed Neumman-Dirichlet boundary conditions are also of great importance In order to
keep valid the former procedure for these new boundaries. another approximation

approach 1s used We only emphasis on changes that occur with regard to that firstly

used approach.

The partial derivatives with respect to x and y are now approximated by:

ulx.y) _ () = 2 () e 1 (x) +O(h) o
Ay "
Cuxyy), e (x)
), (1.37-b)

These approximations, when introduced into a non homogenous PDE, the following
system of ODE is established for Poisson's equation (1.6) such as:

‘ (1.38)
u;(x)+h—l:[uki(x)~2m(x)+uk ()] -F(x)=0 7 k=12 .n ’

Where |

Fo(x)= g.f}(x)+ Ji (-”l-ofk (x)

The system (1.38) is as vet obtained independently of the boundary conditions. to which
the following boundary conditions may bé introduced:

- Dirichlet condition © & =0 on the boundary contour,
cu(x.y)
cn

- Neumman condition = 0 on the boundary contour

In order to fulfil these boundaries for both the top and bottom boundary sides, the

discretization lines must lay along the selected axis at propitious positions. The Dirichlet

condition 1s satisfied when u (x) and u,_  (x) are aligned at both the contour's limits.
culxy) u. -u

However, to realise the Neumman condition =0, fictitious

ca h
functions u and w, . are taken outside. at respectively both bottom and top of the

contour. For u, =u, and u, , = u, ., the Neumman boundary condition is accomplished

as depicted in Fig. 1.6
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X | x
Dirichlet boundary condition Neumman boundary condition

Fig. 1.6 1llustration of line positions at boundary limits

For Neumman boundary conditions . a set of n- / number of lines as shown in Fig. 1.6

are held and the matrix M defined by eq.(1 11) for Dirichlet condition. becomes -

Where 1ts correspondihg eigenvalues 4 ... and the transformation matrix 7,.. are given in
appendix 1. Needless to follow up the analysis, the same procedure is expected.

In the other hand, other practical boundary conditions may be supported, namely the dual
Dlrl-chlet-Neumﬁlan and Neumman-Dirichlet conditions located at the limits, top and
bottom of the contour. Their corresponding eigenvalues together with their

transformation matrices are also given in appendix 1.

1.4 GENERALIZED DIRICHLET CONDITION

The Dirichlet problem as yet, was.only considered for the simple boundary condition
case # =0 on the boundary of the solution domain . A generalised Dirichlet condition
concept to any continuous space b‘oundary' function n = g(x.y) 1s also conceivable.
Indeed. a new function £, (x) of system (1 39) is reconsidered. that takes into account
the limit functions u (x) and u,  (x), which are evaluated from the space-boundary
function g(x.y)at y =y and y =y, .

To clarify this generahsed Dirichlet condition, the following Poisson's equation 1s

reconsidered
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CTulx.y) Eulx,y) ,
-~ > - -~ 2 :f(r}) (139)
Cx Cy

Subject to 1= g(x.3) on the boundary contour of the domain of solution. The lLimit

boundaries #,(x) and u, (x) at y =y, and y =y, are’

u,(x) =g (x) (1.40)
w, (x)=g, (x)

The previously obtained eigenvalues A and their corresponding transformation matrix T
are no longer valid since these only hold for the special boundary condition
w(x)=u, (x)=0. A hard and intricate task raised for solving this new eigenvalue
problem, in which the actual boundary functions are taken inte account. This may be
avorded by adopting new functions, where old functions F,(x) are added to the
““evaluated boundary functions u, (x)=g, (x) and u, (x)y=g, ,(x), whereas the
functions u,(x) and u, . (x) are afterward resettled to fictitious values
u(x)y=u, (x)= O’. This allows to preserve the same eigenvalue problem that has been
solved previously in sec. 2.2. Furthermore, the svstem (1.8) or (1.9) is mainly kept to
solve this generalized Dinichlet boundary condition, except that some slight changes are
introduced. For instance to solve the actual problem governed by eqs. (1.40) and (1.41),
the corresponding generated system is principally eq. (1.39) with the following .

modifications -

uk(.\f)+-h1—:[uk,l(x)—2u_,(x)+uA ](x)}—P;,(r):O S k=12---n

Where,
o L LS ey L) = fulx)
F;(X)—h: g (x) 6,fl(.v) 4 5
ﬁ;,(x):%/;.(x)+~/""("")1'2-f" 3‘(” k=23..n-1 (1.41)
S (xX)= fui(x)

1 S
I'k X)=—=&n i1 (X)+— n A) T
(x) /7_g (x) 6‘/ (x) >

Simularly, the treatment of a generalized Neumman condition is straightforward which

may be bvpassed. since it looks like that of a generalized Dirichlet condition procedure.

Chapt. 1 The Method of Lines, Mathematical Foundation 22



1.5 Hyperbolic, Parabolic and Other types of PDE's

Likewise, the recent availability of sophisticated and reliable algorithms and computer
programs for automatic numerical computation of complicated systems of ODEs [13]
makes extension of the method of lines to many other PDEs. For instance, let's consider

a more general linear second order two space variable PDE, such as, the following

equation:
a2 a2 ~2 ~ -~
cu u cu cu cu o 7
«a, -+ d. Td T+ d, — + . = f(x,y) (1.42)
R - A P T
X c Yy X cx cy

Subject to Dirichlet conditions w = £(x.y) on the boundary of the solution domain.

Applying the last procedure to this PDE. a coupled system of ODEs is obtained A
numerical sophisticated algorithm 1s invoked in the situation where the coefficients aj,
a3. a3, a4 are functions of the space variables x and y However, when those
coefficients are constant or function of one space variable, the system of ODE may be
solved analytically. Indeed, Let x be this space variable, the discretization is done with’
respect to the remaining space variable, the obtained sysfem ts properly arranged in a

Vector form as -

@l ~h(ao-a)l ~h (@il +a.d) C-F(x) (1.43)

Where:
(=71 A=T"MT. &=7"DrT

and

D= - e o=diag(\JA ) =12 . .n

-1
This 1s an uncoupled system of ODE where each equation may be solved separately as-

a(x) . —

‘7:(-\')Z (x)+h 1(azd+a‘(x)ﬁ (x)+(i,x)'/ii_ + O (x)=h :/—;,(x)

1

Where u,(x) and 7, (x) are respectively the k-th vector of {7 and F
A general outlook of how the Method of Lines can be extended to other tvpes of PDEs is

done heretofore, and there are still researches that are currently under work, trying to

Chapt 1 The Method of Lines, Mathematical Foundation 23



widen this technique to a widespread type of PDE's even for non homogenous boundary

conditions [1]

1.6 Verifications and Numerical computations

In order to show the MoL consistency and its efficiency, it 1s convenient to test the
developed procedure by applying it to problems for both regular and curved boundary
conditions. for which precise data are available. For this purpose, two problems are
undertaken which have known analytical solutions. This allows to check the accuracy of

the computed results with the available one
1.6-1 Regular boundary problem

This problem consists of solving the following Poisson's equation

ﬁlua(xfy) - Cu(x.y) = Z[X(xva)%y(}'—b)] - (14

Cx )

Subject to - #(x.))=0 on"the boundary b

conditions of the contour (c)s : By (C

[t 1s easy to check that the following analytical
solution form fulfils the PDE (1.44) as well as

its boundary conditions a v

Fig. 1.7 Discretization of the domain
u(x.y)=xy(x—a)y-»s) of solution (C)

According to the preceding procedure. an established system for this PDE equation 1s

saved as in eq. (1.24):

([+20 « L2l -T =0 L4
12 h
where: rU=0 - I'F=F
In which U and F have already been defined The functions £, (x) of F n. e

approximated by -
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Fo(x)=2kh(kh-b)+2x(x-u) (1.46)
The system (1 45) 1s in turn written in the following simplified form as:
I(.r)‘;afﬂ(x)—l//k(x):o k=12--.n (1.47)

Where «,. ¢, (x) have been defined in eqs. (1 24) and (1 26) The general solution of

the system (1 47) may be easily found as

ui(x)y= A shaix+ B ch a;x%-Z(x) k=12.n (1.48)
Where the particular solution f(x) has a polynomial form of the second degree
f(x): VEXT WX+ Iy (1.49)
Since @, (x) may be written as: |
gp;.(x):r;. 5 (x° —uax) (1.50)

Where 7. and s, are known constants. However the coefficients 4., B,, v,, w, and z, are

easily found after substituting eq.(! 48), (1.49) and (1 50) nto eq (1.47) and applying

the boundary conditions.

The numerically obtained data resulting from the MoL and those supplied analytically
are plotted versus y-axis for different x-positions and divers contour sizes as shown in
Figures 1 8, 1 9 and 1 10

The results obtained in Figs. 1.8, 19 and 1 10 are in very good agreement with the
analytically supplied data, where the maximum error occurred is around 10™% %
Moreover the convergence ,behavi'our represented by the maximum error versus the
discretization interval 1s plotted in Fig 1 11, This curve shows the optimum

discretization step that yields the optimum error for the considered problem.
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Fig 1.8 : Plot of the solution function versus v with x as parameter.
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Fig. 1.9 : Plot of the solution function versus vy with x as parameter.

tx (\) \
2 [E— [ -
e 5. b=l
a= =
b,
(D) ~
x~0 3a
1.5 — X . LeTTYTT . -
a
. x=0 3a .
- e
- -
- .
r 4 -
1 - - . . -
. a
. a
x=0 la
[t * P e .
. -
- . .
: - - .
. -
» .
0 04 0 by

— Analytical solution, *++ Mol results

Fig. 1.10 . Plot of the solution function versus v with X as parameter.
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Fig. 1.11 : Maximum error between analytical data and computed one (Mol)
versus discretization step h

~- 1.6-2 Curved boundary problem

The supplementary addressed problem consists of solving the following PDE

&u@,y) . c’zz()i,y) _ ' (1.51)
23 5%
Subject to u(x,y)=0 on the Aﬁm\x@)

boundary of the solution region

delimited by :

x*+y =1 ; 5
y>0 . “

Fig. 1.12 Curved Boundary 1n semi-circular shape

T
i’

The analytical solution of this PDE is given in mathematical literature [3] under the

form: ,
—xv(x’ ! LA 22
u(x.y3) = L -x(x +y7+1)~(xw +) l)10 (l+x)‘+}1
47 (x*+y7) -0+ |
Foor 2 2 L1312 S .. . N
B C S e [ L S P i 2
4 (X' +y')' 1—x3 -y’ PN 5

Applying the numerical technique procedure to this PDE, the obtained data as well as the
analytical one are plotted for some positions along x-axis versus the discretized space

variable y as shown in Figures (1.12, 1.13, 1.14). A significant error arises for some
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P

positions even for an optimal discretization interval and above which, leads to an
additional rrund-off error depending on the computational capabilities. To improve the
accuracy of the present method for this kind of problem, the polar co-ordinates are

suggested which are more suited for this boundary shape.
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In order to solve the considered PDE 1in polar co-ordinates, it is necessary in the first
step, to transform this laplace equation (1.51) from the Cartesian co-ordinates to polar

co-ordinates as follows :

- -
2 -~

-,z r.9)=-1 (1.52)
ce .6

Vol

A2

.

z((r,e)+l%z/(r,9)+i
ryr cr ¥-

Subject to boundary condition u(r)=0 on the boundary corresponding domain of

solution

r=1

0<f<nx
Where 7 = /x” +y° | f=tan" 2 and x=rcosé and y=rsiné

x
A

In the second step, in order to keep valid the ¥
presented numerical procedure, the 6- /\ D)
variable must V_be quantified at .positions , l
6 =i6, (1=12,...,N), and ‘6. is the //_ o - Lra
interval angle determined from the boundary L L/;’//l °

X

conditions as shown in Fig. (1.12). Fig 116 Curved Boundary in semi-

- cirular shape and discretization
pattern in polar co-orainates

Discretizing now the laplace equation in polar co-ordinate by replacing the second partial
derivative with respect to 6 by finite difference approximation. A system of N coupled-
ODE 1s then obtained, which can be decoupled by an appropriate transformation. hus

,this system of ODE 1n the transformed domain in vector notation becomes

5

u(r)+ Ly - Lecu(r) = F(r) (1.53)

dr’ rdr r’e

Where w=T"u, I—V:T'.f, f=(-1,-1,...,-1)" Because A is a diagonal matr v as

previously defined in the current chapter, one can write a set of N independent ODE . as:

-

_ 1 d —
) reLAte

Lw)=E() . i=12...N (174
r6-

Each equation of this set of ODEs can be solved analytically. The i-th solution 1s ¢iven
by:
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w(ry=Ar" +Br° +———F’, (1.55)

A,

6.

The coefficient 4, and B, are determined using the boundary limit for each line. In this

Wlth (ﬂ’l - =

case, they are given by :

_F
4-C°

The last step is to back transform the solution given by eq. (1.55) to the original domain.
The computed results are very close to the exact analytically computed ones where the

maximum error 1s no more than 10-3 %.

1.7 Conclusion

This chapter established the mathematical basis of the Method of Lines (MoL) of
interest, which is a semi-analytical approach for solving boundary value problems. For
convenlience and to show the method consistency and efficiency, this technique (MoL)
has been tested for some Dirichlet boundary value problems, for which exact analytical
solution are supplied. Good agreement is observed between computed results and
precise solution.

The distinguished properties of this technique over some of the other numerical methods,
are its easy mathematical formulation, computational efficiency, small memory space and
computing time requirements. Those properties allow to adapt this method to small
computer machines, since low computing capabilities are demanded, of course at the
extent of the problem complexity and the required results accuracy.

The outstandirfg features of these inherent properties however, stimulate one to use this
MoL as a mathematical tool for the analysis of microwave waveguiding structures

through the present investigation.
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Chapter 2

Analysis of Microwave Structures Based

on Isotropic and Anisotropic Substrates

2.1 INTRODUCTION

“

In recent microwave engineering, the characterization of planar waveguiding structures
1s of fundamental importance for an accurate design of integrated microwave techniques
and optics. The Electromagnetic (EM) field theory, which has reached a state of
maturity, has been intensively applied, using various numerical techniques, for the
analysis of a wide class of waveguide structures. To achieve this objective, microwave
literature provides several analytical procedures, which can be divided into three
approaches : Quasi-static analysis [1-6,21], Full-wave frequency-domain analysis [7-20,
25, 30-34] and the Time domain analysis [22, 37]. For structures supporting TEM wave
operating at lower microwave frequencies, where their structural dimensions are much
lower than the used wavelength, the Quasi-static approach 1s adequate because of its
high computation efficiency. However, for higher microwave frequencies and millimeter-
wave frequencies, where the used wavelength aand structural dimensions are closer, the
effect of dispersion cannot be neglected and the Full-wave analysis should take place.
Whereas, the Time domain analysis provides an alternative to the Full-wave frequency-
domain approach and is recommended for studing the behaviour of pulsed signal and
delay time occurring in structures such as high speed digital circuits.

The planar transmission line structures used in the design of Microwave Integrated
Circuits (MICs) and Monolithic MICs (MMICs) are generally based on single or

multidielectric layers of either isotropic or anisotropic substrates on which strip



e

metallizations are deposited in a single or several dielectric interfaces, as shown in Fig.
2.1. The substrates are insulator materials of low dielectric losses at frequencies of
operations, used to support mechanically the strip metallization and also to maintain
correct separation between them.

The dielectric substrate materials present either the isotropic dielectric property or the
anisotropic one. In fact, most dielectric materials exhibit a negligible or a considerable
amsotropy. The development of accurate methods and optimization techniques for the
design of integrated microwave circuits require a precise knowledge of the substrate
material dielectric constant. The reason for this is that variations in the value of the
substrate material relative dielectric constant, as well as its possible variation for
different material batches, introducing errors in the design of integrated circuits and
decrease integrated circuit repeatability.

The use of anisotropic dielectric substrate materials in MICs and optical integrated
circults, has been attractive in the last few years [42-50], due first to their technological
advantages and providing further flexibility in circuit design Among many important
uniaxial anisotropic substrates such as Sapphire, epsilam10, PTFE, are of great interest

for the development of a variety of microwave and optical ‘devices including electro-

optical modulators [39], and ecjualisation of even and odd-mode phase velocities for

symmetrical coupled microstrip lines [42, 48]. These substrate materials used in
practice, that exhibit anisotropy behaviour [42, 44, 481 is either inherent to the material
or may be acquired during the manufacturing process. Uniaxial crystalline substrates (
such as, e g sapphire and quartz ) belong to the former while fiber or ceramic
impregnated plastics ( such as, e.g., Epsilam10 ) belong to the latter class.

The analysis of microwave structures based on anisotropic substrates may have two
objectives. The first objective is to bring improvement by using accurate analysis, where
it has been clarified that when anisotropy is ignored in the development of design
methods for single strip based on sapphire substrates [42-45, 48,49], coupled strip
epsilam10 [48, 49] and finline structures [46], an error is introduced which becomes
significant for small lines widths and small line separations. It follows the development
of highly accurate models for integrated circuit structures should account for substrates
anisotropy. The second objective is to take advantage of its property, where in certain
applications of coupled lines structures, anisotropy may prove beneficial in equalising

even--odd-mode phase velocities and reducing geometry tolerance sensitivity [42, 48].

In this chapter, the Method of Lines ( MoL ) 1s applied for the analysis of a general
microwave planar waveguiding structures. These structures, used e.g. as transmission

line in MICs and MMICs, are based on single or multidielectric layers of either isotropic
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or anisotropic substrates on which are deposited metallic strips arranged over one or
several dielectric interfaces.

A convenient mathematical formulation is adopted for the analysis of these structures,
where the hybrid-mode solution or the full-wave approach is put to use. To derive the
characteristics of the structure to be analysed, procedure to derive the dispersion, The
semi-analytical MoL 1s employed to solve eigenvalue problems, using both the uniform
and non uniform discretization . The numerical results are tested against other theoretical
and experimental data available in the literature. In addition, the convergence behaviour,
the anisotropy effect as well as the numerical results obtained for some useful structures

are discussed.

2.2 Problem Formulation

Generally the electromagnetic fields propagating within planar waveguide, structures
used 1n microwave and optical integrated circuits can be calculated from two
independent potential functions -or two field components. The mathematical formulation
| adopted can be adapted to treat structures based on either Isotropic  or anisotropic
substrates. The direct electromagnetic fields ( EM ) formulation or the suitable Hertzian
potential function must fulfil , in each separate layer, the Helmotz equations [S1] -

A N NS SR

Ex” oy’ oz” ¢
-2 h A2 h ’Z h
FCD +0q? +5q? +hk,®" =0 (2.1)

cx cy- c:z

Where ®° and @ are called the electric and magnetic related functions , which have to
substitute the EM. fields or the Hertzian potential functions according to the chosen

formulation. In addition , ®° and ®" must fulfil the following boundary conditions:

. h
Electrical wall : ® =0 (D) : co” 0 (N) (2.2-a)

-

Magnetic wall - ¢ =0 (N) (2.2-b)
ch ‘
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Here n means the direction of the normal on the corresponding wall and D and N stand
respectively for Dirichlet-condition and Neumann-condition.

The other electromagnetic fields for both the isotropic and anisotropic dielectric cases
may be derived by means of relations connecting the related function solutions to that of
the electric or magnetic fields. This manipulation 1s performed occasionally, when

required, latter on in this chapter.

2.3 Discretization Scheme

For the analysis of a wide type of waveguiding structures with constant cross-section,
the discretization scheme 1s only done according to one direction. In the case of Fig. 2.1
the discretization 1s done in the direction parallel to the interface of the layer, that 1s, x-
direction, where singularities occur near the strip. However, the individual layers are
homogeneous in y-direction, and the EM. related functions are not singular but rather
smooth, this is whv the y-dlrectlon 1s left in 1ts analytlcal form

yw

. . . -

. DL, (DLh ot (I):}‘ ) ) (I)ff (Dh
N Fig. 2
° ) Cross section of planar
' waveguide with
discretization lines

: P o] N lines for ®°

.f S I -~~~ lines for ®"
qf: (Dc (I)e (I)c (I?: (I?,J (Dv:r X

The discretization of the related functions ®° and ®" over the domain of sol.tion,
which 1s formed by the waveguide cross-sectipn limits, signifies that the functior @
and ®" are considered on straight lines. These discretization lines may be laid unit rmly
distant over the cross-section and are perpendicular to the interfaces. The me:allic
enclosure of the waveguide constitutes mathematically the boundary condition nn
which the Helmotz equations must be solved For certain symmetric structures o: = alf
a cross-section has to be considered as shown in Fig. 2 1. In this case, it 1s necessury to

insert a magnetic-wall in the middle of the structure. In order to fulfil the !ateral
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boundary Dirichlet conditions for the electrical related function @°, it is required to put a
line in the lateral boundary, which is located on the right side of the structure in Fig.
2.1, and set the electric related function component at this line to zero. Needless, to
carry this component in the subsequent calculations as was done in the first chapter.
While the Neumann-condition, corresponding to the left boundary in the case of Fig. 2.1,
is satisfied by positioning the boundary between two lines and equating the potentials
e.g. of ®° . These discretization lines are only valid for one potential, which 1s ®° for
the case of Fig. 2.1 where 1t is represented by continuous lines, fulfilling its
corresponding lateral boundary conditions. The boundary conditions cannot be satisfied
for both @ and ®" for the same line system of ®°, because of the duality of their
boundary conditions, as inspected from eq. (2.2), that have to be fulfilled at each lateral
limits of the cross-section. To accomplish this requirement , it is necessary to choose
another shifted line system as shown in Fig. 2.1, where the magnetic related function is
represented by doted line system. Moreover, the shifting of the two line systems has
other advantages as indicated.in [51] :

-— 1t allows an optimal edge positioning

— 1t reduces the discretization error

— it results in an easy formulation

These advantages are clarified and justified at propitious positions along this analysis.

2.4 Discretization Procedure Description

In order to solve the hybrid field problem numerically, the considered cross-section
depicted in Fig. 2.1 1s discretized by N lines for both the E.M related function ®° and
®” with respect to x-direction. This means that the functions are calculated on lines that
are perpendicular to y-direction. The related functions ®° and ®" on these two line
system are denoted by @ and CDf’ on the .i-th line and interpreted as elements of the
vectors ®° and ®” respectively. These related functions can Now be replaced by a set
(D, D.,...,0, ) at the lines x, =x,+ih where i=12... N
For the discretization of the, wave equations (2.1) and (2.2), the. derivatives of ®° and
®” with respect to x are needed. Using the central difference approximation for the first

derivative with respect to x, one may obtain for the i-th line

cd° ONE R ON \ -
= O (2.3-a)
cX h
and
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A h (Dh]—®h N
cP |, = —L T L OhY)
cx h (2.3-b)

Where 4 is the discretization step. For the boundary conditions of Fig. 2.1, sweeping all
the components of the discretization lines, eq. (2.3-a) may be arranged in the matrix

form as

-1 1 O
~ e (De:
PN _ Sl =Dor
X o1 : (2.4)
—IJ o°

The difference matrix D, is so called since it accomplishes the difference between two
successive elements of the vector ®°, depends on the lateral boundary conditions for ®°
( see appendix 1 ).

Because ®° and @~ have dual boundary conditions, that the finite difference
approximation for the first derivative of " represented for the i-th component in eq. (

2 3-b ), may be formulated in matrix form as

) ]
cP

cx

h N _DI(Dh : . (25) .

It 1s clear that, for central difference approximation, the lines of the derivatives of ®” are
located on ®° lines and vice versa. This situation occurs, however, in most
electromagnetic field matching equations as may be percelved latter. For instance, the
derivative with respect to x of the magnetlc field is needed with the electric field at the
same discretization line since terms can only be added or subtracted at the same
position. Fortunately, because of the two shifted line system, the derivative of one field
components are formed using the difference quotient from adjacent components, and are
therefore located at the position of its dual field, and reducing also the discretization
error. Furthermore, we note that the operator D is used for the representatxon of both
related functions @ and ®”" ‘This is another reason for using two shifted line systems.
Since the central approximation is used , the derivatives of ®° and ®" are respectively
on ®" and ®° lines The second derivative is picked up by using again the central

approximation of the first derivative. In this way, 1t 1s clear that the discretization lines
2ah

-lines

of the related function and those of its second derivative are aligned (e.g. the

are aligned with those of @ lines). Besides, the second derivative of ®° is given by
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Mt

cot oof

F D Il M Ay T 5 .
— =L (s ax X o) (26)
Ccx cx  COx h
o - 20¢ y .
- 1= ,I +®1'1 +O(h._)
h_
which can be written in matrix form as

h:a@ :hOCD (hé):D ):_D[D®e:_Pe®e (27'3.)

& x cx Oox

The second derivative of ®” is performed in a similar way as that of ®°, and can be
formulated as
Y h A ’

& x x Cx

h

It can be seen from these equations that, the second difference operator resu!ts from the
product of the first differential operator for the first derivatives. This differential

operator " ( v: e or h ) can be generally represented by

P = (2.8)

I S 2 '

The matrix P” includes the left and right ( p,,, ) lateral boundary conditions. For
instance, to determine the value of B, the left boundz_ir}3 condition 1s considered as
shown in Fig. 2.2. At this boundary ( Fig. 2.2-a ), the Dirichlet condition requires

@ =0 The insertion of this relation into eq. (2.6) with =1, yields

Jx c P

=®, -2®;, which gives p’ =2 For the Neumman condition ( Fig. 2.2-b )

ox’
, o, 0D , , : . ‘ » e~
however, @) = @’ (hGQ— =®; -, =0) is required. This last condition can be satisfied
cn
for p/ =1.
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[t should be mentioned. that this 1s not the unique way to satisfy the boundary conditions
e ¢, the Neumann-boundary can be laid at i 0 too, but this requires ®" = @', which
leads to a non symmetrical matrix .

For constant cross section 1t can be assumed that the wave propagating along the z-
direction 1s ¢ *: type variation, and when substituting eq. (2 7) into eq. (2. 1) and

abbreviaing @ and ®” by ®‘.  a system of N coupled differentral equations 1s

obtained
d: 1 1 v ' v v ". 2 \
D (V) + (D (V) 2D (y)+ D (W) + (kI —kHD (¥)=0
L.{\'“ h (29)
1 = 1,2 ..... A\/
which may be expressed in matrix notation as
< W[k -k -RPE ] =0 (2.10)
dy” ’
Where P [ ()@ () () ]

- Where [ 1s the identity matrix. The matrix P* shows that eq(2 10) is a coupled ODE
system However, because P* 1s a tridiagonal matrix, then an orthogonal transformation

matrix T can be used to decouple this system Hence it is necessary that
(1" Pr=i (211-a)

where A", 77 are respectively the eigenvalue and its associated eigenvectors matrices

belonging to P* A transformed related function is introduced such that
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Iy = (2.11-b)

and by premultiplying eq. (2.10) by 7" and inserting eqs. (2.11-a) and (2.11-b) yields

AL ,
{( ,+k;~k:)/~h-/1‘l ¥ =0 (2.12)
dy- )

A valuable property of this " transformed " domain. is that all matrices are of diagonal
form that may behave as vectors This permits matrix equation algebra, to be performed
element-by-element rather than by grand manipulation, hence a set of N uncoupled ODE

can be obtained in the form as

[~ — —
S W)k W (=0 =12 ..V (213)
dy” :
where “ /(‘:\ = k:(}./‘ —&, + Ew)
and Bef g =k
{(k h)y ko

It 1s clear that eq. (2 13) can be solved analytically for each homogeneous region of the
structure along v-direction. Then, the general solution for the i-th component of this

system 1s given by :
@,"()-) =4 cosh(4 .)) +{>’ sinh (& , ') (2.14)

Where the coefficients 4" and B’ are indirectlv obtained upon application of boundary
conditions. However, the components and their derivatives are the mostly needed on the
laver interfaces. For this purpose, a relationship- between the transformed related
functions and their derivatives are given. for an arbitrary layer witlf thickness d ( see Fig.

24)as:
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Two interfaces A and
B of a dielectric laver with
arbitrary thickness d

.
\__./""——
4] o
d\ - }/ a -‘"P_;
= A"\ —
Dy, le s ]Lw
dy “

where
1

v =diag ,_—"‘Ianh(k \d)j
" 1 J

*

i 1
o' = diag) == sinh( k.d) )
\ o b

k.= diag(%j

2.5 The Field Components Solutions

B

(2. 15-b)

(2.15-¢)

(2 15-¢)

Since the wave equations are solved separately 1n each layer. their solutions must be

continuous across the structure. This requires that the continuity condition on each layer

should be realized Unfortunately. the EM. field Theory gives-up the continuity

conditions for only the electromagnetic field For this purpose. it is needed to carry out

the electromagnetic fileld rather than the related field functions To simphifv the

mathematical analysis of the proposed physical problem. the electromagnetic wave

equation 1n each layer of the structure can be described either by two Hertzian

potentials @' and ®" or directly from field components
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2.5 -1 Waves Description using field components

The Helmotz wave equation 1s solved in each region for two field components. and the
remarning space field components are derived from the former solution In the situation
of 1sotropic dielectric substrates. the wave equation may be solved for the electric field
¢- and the magnetic field 4. Using Maxwell's equations. the components ¢,. 4 and ¢, .

h. are calculated in terms of ¢. and A according to

~ 2 -

: ( . a
e . T Wk ¢ «
( 5 IR T I R ks : (216)
TS N Y )
ncy o ox oo | '
Al S
. . ——  Jkn— ¢
Lnfo]-| A7 M1
= a ke L (217)
| T néx Avaz |

where, . n=

Assuming the wave propagating in the z-direction according to ¢ *** and discretizing the
- field component ¢. and A in the same way as for ®° and " The field vectors F£. and -

H. are therefore formed like the vectors ¥ and W". In addition, since e. and [oare’
discretized, then. the fields ¢ . ¢, A and h are consequently discretized In \ector

form. equations (2 16) and (2 17) become -

-~

i 4
. e h'D -] .
{ k£, } = o Y { L. |
LA, ’ n

Jﬁh vl .

‘ el —

4 ‘
f‘ \/Z[_\— /7 1[)’ L
kngd ]\_] = -] ¢ - li H} (219)
. — e
.49, 87/7 D \/5,‘17 EE
Cy
with Es =& — &
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In the transformed domain, these equations become

77{7H,\ < IL \//:9—5“' ”H:
k, )
N
_ PN Te ¢ 5 -
L\ A ' E
Ag}': _J:_l k., ) [ _} (221
\ - £ 2
77() gl (5 ] e f 77()
A(‘ (7.).
with S=(kh) & ; 5= 1'DT. i

and the field transformation are performed by
E-=TE.  H.=L;H. . E =TE.  H =TH. . E =1FE .H -78

where 0 is a diagonal or a quasi-diagonal matrix ( according to boundary conditions )
The different possible cuses of & as well as the expressions of the transformation
matrices 7* and 7”7 are given in appendix |

. When the system of equations (2 20) is applied at the interfaces A and B. as shown by
Fig 2'4l, and associated to eqs. (2.15) then . a-very useful svstem of equations can be
established. after some algebraic manipulations. relating making the tangential magnetic
fields# . H. and the tangential electric field £, F.. as follows -

—JH &Yy V0 —&,a, a,d Ly
H.: ;3";/” . o a,  a, ~JE - (222)
7. - = - l - —
-JH 5 -£,a, a0 —¢€,7, ¥,0 —F
Ho Sa, a8y, oy, || jEs |
with
- J— . —
O:\/g,fi { “}*(/(—51){ }
}/[{ 1/
Introducing the abbreviations
(V-jH;.r A 1’\_11’ ]
H,, = n |y R "
L xd A ¥.] TR
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and

-
i

T &,V V0 - -£,a, @, 0
B o'y, Vi o 5’0(,,7 a,.

Then. eq. (2.22) can be reduced to

The field components along y-direction. that are necessary for the computation of Il
characteristic impedance. should be derived 1n terms of the tangential electric ﬂelu

components. Using eqs (2.21)., (222) ahd in conjunction with eq (2 15). the
electromagnetic flelds £ . H at the interfaces A and B. as shown m Fig 2 4. can be

. z
written as

E ] . a 1[-jE. 1 - (-7,
E o a. v, JE CJH ‘

]7\—1- }/) ai I ]]_—{- :
neE |~ | =-¢€0 +JE nk ' ' T
. Zr J[ ’ [ :v} re 770 \}z[ ] _—‘/.H: 25)

HV\B J ah }/h

N
)
4

(8]

The H_ field component's can be substituted according to eq. (2.15) as,
- bﬁ,.ﬂ Y, (24 E_‘ '_T’-_ F]T. |
77‘; ,(___, — /n h _ 8‘1 ;1 i \/&‘w O /_ = (
_/H:B a}’ /‘Vh _f‘_vE .IE:H
Substituting eq. (2.26) into eq. (2.24) vields
E . R - jE_ - a E_
o I = \/Z(—k;*/iu) 7. ‘ -, L T ol-g,0 T -
k. ‘ a  y.o || JE, a, v, -k,

and with the help of 4 +7 = ¢,/ . the relationship between I, and the tangential field

]
[0S
[op

components £ and £_ can be established as -
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By substituting eq (226) into eq (2.25). we obtain for the magnetic field 4,

component

N

2 7 i _a/'7 .
and under the consideration of /, = k_, [/ :* . the relation for H_ 1s obtained as
a/: “}/h
H\n Lu T,»/b H
0 7 = g“, — e ’ p—
g VOl E | E. (230)

. The relationship of the magnetic field H. may be also denived using eq (2 22). which

grves

’7‘ 2_1&; _ \/’;5«, [ }/h ah J E;; 1—[ /VE al;' :J _4].[‘;:_1} ( 2 3

a, Y, a, Ve JE

In this manner, if the electric field £ - and L. _are obtamned, then all the other
electromagnetic field can be derived. It can be noted that this treatment .is only valid for

the analysis of planar structures based on isotropic homogeneous dielectric layers.
2.5-2 The two Hertzian Potentials Description

To simplify the mathematical analysis. it is convenient to choose Hertzian potential
concept to describe the electromagnetic field to solve the associated wave equations 1in
terms of two potentials. These auxiliary potential functions may Oor may not represent
clearly definable physical entities, and so prefer to adopt the view point that these
potentials are just useful mathematical functions from which the electromagnetic fields
may be derived. Three types of Hertzian potentials of interest are chosen through the
present work. The first one is required for the analysis of 1sotropic  homogenous
dielectric, the second 1s selected for a particular anisotropy. namely the umaxial. of the

dielectric region. The other Hertzian potentials is preserved for the analysis of non
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homogeneous dielectric laver. and its description is postponed in the last chapter. where

it 1s invoked
2.5-2.a Isotropic Homogeneous dielectric

In order to treat the homogeneous 1sotropic substrates. 1t is advisable, after Collin [26].
to choose two Hertzian potentials A and B. which possess only one component in the
propagation directien. the z-direction in the present case, so that the boundary conditions
can be easily enforced ( Fig. 2.1) -In each layer the field¢ can be written in terms of

these potentials:

o

e:LVYVxA—VxB

JwE (2.32)
. h=V«4+—-V.«VxRB
' Jomu
A=Y (x,y)e "74.
B=Y"(x.y)e *4. o (233)

and the associated Helmotz equations for these potential functions W and V" are

already given b'y eq. (2.1).

The solution of the wave equation is derived directly from the described procedure of

section 2.4.1 It is obvious that in each layer, the electroma'gnetic field may be expressed -
in terms of the obtained solution, as given by eq ( 2:}4 ). The electromagnetic field can

be carried out using eq. (2.32) as -

j n < ¢
le B k Cx 2 I8! ¥ (2.34-a)
[h,\- c ] T %
cy kncx Aoz
; n E I
e | "k Az X v (234-b)
h, C J By
Cx kncy ¢z
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4

[‘):1 —‘/;( Az k) 0 r‘P}

- N l h
—L( — k") LY (234-¢)
kn cz-

v . . . . .
Assuming an ¢ ©7 wave type variation along the z-direction. and discretizing these
equations 1n the same way as done for the Hertzian potential functions ¥ and ¥" in

that case eq ( 2.34 ) becomes -

K I
. -—=h'pD -] — .
[ E, } . & S ['74»\1} —, (235-a)
H 2 ! h
(e s Jen oo (LY
o)
( ,l&‘u (“‘ 1
[v‘ ]__ h [) LP(
{ " J': g Oy ['71' J ) (2.35-b)
H ‘ 2 h
141, h'D \/;,71%0 ¥
L “y
el il e, 0 n,'\P
n.H. g 0 k e, i (23va
In the transformed domain, the set of equations.eqi (2.35) becon.as
_ Ve, . § B (236-a)
{EXJ: PR e {,;LH
o 115 1= Jen s LY ’
' (:«‘. re
| \/E' (7 1 oor
{ =y } _ £ cy {’L_T J ( 2.36-b)
’7<7H‘ h 15 \/E:] i) LP
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Because the matching equations can not be easily established for the Hertzian potential
functions, in that case the electromagnetic fields represented by eq. ( 2.36 ) may be
expressed in terms of /- and H- as those of eqs (220 )and (221) After handling
these equations eq. ( 236 ). the relationship eq ( 2.23 ) between the tangential electric

and magnetic fields remains valid
2.5-2.b Uniaxial Anisotropic Dielectric

starting from Maxwell's equation for dielectrics characterised by # =, and a diagonal

tensor permittivity

The medium with two optical axis ( &c#=& #¢& ) is known as bi-axial anisotropic
dielectric. When two of principal dielectric constants are equal; such as e g. &, = &. then
only a single optical axis exisfs, and the medium is said to be uniaxial In this latter cése,
the field can be determined from two Hertzian potentials along the optical axis. Then the °
electric and magnetic fields can be derived for the two modes of propagation, from a
magnetic and electric Hertzian potentials.having only a direction of the optical axis [ 26
1 | .

The ordinary wave may be found from the magnetic Hertzian potential as follows

Tn = Hhé;ﬂ
e = »./'(ulunV x ;T;, ( 237_3)
/; =V «V«x Th
and IT, 1s a solution of
VI, «£°T1, =0 (237-b)
where ' k*=we.u.c

and ¢ s the other axis dielectric constant which is perpendicular to the optical axis.

The extraordinary wave is found from the electric Hertzian potential as follows
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7ftv = HL/(;,;

C=—k'F ~¢ VV. 7,

(2.38-a)
h = Jwe N <,
and [1.is a solution of
VI, kT s 25 O gL (238-b)
£ ce-

The former PDE eq (2.38-a) gives a solution for ¢ with no component along the optical
axis. while the latter PDE eq. (2.38-b) ) gives a solution for 4 with no component along
that optical axis,

For the considered waveguide system. ¢ “ type variation is assumed along the z-
direction. The dispersion characteristics are generally supported by the hybrid- mode
solution. The hybrid-mode field is a combination of both electromagnetic fields
generated from the two electric and magnetic Hertzian potentlals propagating modes.
Moreover, at the extent of extensive practical use of substrates having optical axis along
y- direction, the electromagnetic. fields may be described by the electric and magnetic
Hertzian potentials selected tn that direction. Assum ng an e’ time-harmonic ‘variation,

the electromagnetic fields | in each homogeneous region are given by

. ’ | : { 2.39-a)

- ne.h (x,}’) e jk’;:"i}
o (e y.z)=V(V-Z)~ k’ % - jou, Vx 7" (2.39-b)
h(x,y.z) = jos,e V<7 +V(V. 7Y+ k7 ( 2.39-c)
with k =ye k. : k, = w\u.e,
where T1“" are solutions to the following scalar wave equations
a , E A7 . N 2 40-
eI () == ST (e y) = (k7 = )T () = 0 (240-2)
cx” & )
and
SR 2° . s 2 40-
1T (. 3) T (xy) < (k° = 42T (x.1) = 0 (12.40-b)
cx” cyo
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for each region, and associated to boundary conditions which are summarized for

different cases by -

magnetic wall m=o0 ; CT[ = al =0 (2.41-a)
cn cx
h I m 24
. : : IT
electric wall [1"=0 ; 61} = CA =0
cn o (241-b)
. ; T (2.41-c)
Top and bottom shielding walls:  I1" =0 ; — =0 =
Cy

are valid according to physical boundaries related to the analyzed structures. It is worth
to note the boundary condition for I1° are the same as for ¢. in previous section and
those for [1" are the same as for 4 Note also that the isotropic homogeneous layer is

merely obtaiied when ¢, = ¢ =g, C .

Discretizing the electric and magnetic Hertzian potentials T, [T" in a similar manner as
was done for W and " and applying the foregoing procedure: the systems of ODr's

are obtained and are given in the transformed domain as -

°

n d_ﬁ —k;( 2 ——e +g) |1 =0 (242-2)
dy- (k.hy
(j: - /‘:-h L —h _
(d}.: “k/)((k“h): — & -Ew))n —O ( 242-b)
where =T 7" =" and n° = Efe.

Since 4., A, are diagonal matrices. the systems of ODEs eqgs. ( 2.42-a ) and 2.42-b )
are then reduced to an uncoupled set of ODEs which can be solved independen In this

way the last systems can be solved individually for each component as

d = .=
-1 -k 11T =0
dy-
d- —n . —h , >
' -k =0 .  i=12....N (243
d}‘~ "
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where

k: :*’:( 11':*5 "‘gu,) B /(:: :kj(/“:-}n_g +€w)

+ Vi,

and the solution for the i-th component s
n' - A" cosh(k ny)+ B sinh(k,-}) (2.44)

Where the coefficients 4°", B*" are obtained by using both the top and bottom boundary

conditions.
Solution for the Field components

The electromagnetic field components are determined from the electric and magnetic

Hertzian potentials. By using equations (2.39) and (2.40) we get

. -
c G
e, cx 0y SOH, Cz [
- ) N . (2.45-2)
. h , c I1
- jwe e

) Az ] y
[;J— (k> - (‘Y_) =10 EJ (2.45-b)
; 0 /
é- v A
L. jwe & ¢ a L -
TN Ox CzCy

The operator 1s replaced by —jk. since an ¢ type variation is assumed, and

cz
discretizing these field components by using the same procedure as the one developed

for the i1sotropic case, these last equations become

- kih D= eIk I
[ } -k ¥ . (2 46-a)
1.4, ekl & n D]
<y '
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k o
. — (e, 1~ D) 0 .
[ HJ k| K, ﬁ !i I PP
! he o h
1A 0 kl,(g,_LAl*—,[)l))J 711" |
k;
- ~Je kS iy o
[ J:‘/k“ ey , [ J (246-c)
1.4 f_ eh'D -Je.l i 2
Cy

In the transformed domain, these equations are written as

7 ok, £ Je I _.
[ il J:/@ €y i “_h (247-a)
n, s S n

[ E. kar(gmf i) 0 [ n J
H | = Tk 2.47-b
L’7~ . 0 (&0 + 2] L0111 ( )
: L é ~
[‘ 7::_ . - gru[k«) -, O —_—v
AR oo ST, (247-c)
UUH:_' £ 0‘ _\/Z[k‘)] “ ]7/)1—[ -
cy

Another possible and useful combination of these equations. namely the electric field and
the magnetic field that are necessary for the matching at the interfaces. Those

electromagnetic fields must be used for both interfaces A and B as shown in Fig. 2.4

-~

Using eqs. (2.47) and substituting f [1°" by means of eq. (2.15), eqs. ~(2.47-a,-b.-¢)

Cy

E. o | v e ][I, |0, T (248
N e e k| L . (2 48-a)
E “L-a. | | I n, e |

ﬁt‘i : —" M = &, , ﬁm 2 48-
no{— = —k e € E S ko k- g ’7,,_ (2.48-b)
H o LT Lma n Il

become :
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_/z‘{_—_l— _ k_ \/?/(‘ { -7, :I ’V‘ﬁf,; —/(7 Sf 770§h.4 (2.48-¢)
JE s | Loas v ]| s 1, Tl

The electromagnetic fields along y-direction that are useful for computing characteristic

tmpedance are also given for both interfaces by means of eq. (2.47-b) as .

£ k- - | ) 19.
L ISR S (2.49-a)
F e " [1.:

p\,i - > ﬁ i
n | 1: k(e I~y Tl
H\ff_, I]Unh[f

Since 1t 1s d.rficult to establish a matching equations for electric and magnetic Hertzian

poteritials T1. and IT,, it is either necessary to discard them. To this end. I1. and I, are
expressed in terms of £, and £. as

‘ﬁg s - \ ! _,V a ety ’ELU;W ‘E:J ' 2 50‘
. | = A—l = kA - 5,”[) { . S| i+ \/a_ F/.‘ ( 2)
I—LB_‘ ' L a, 7. f:\-B_} L]b:[f :

n FI—;“} = k('f(zh +¢, 1

I_I hi3

——
e ——
<__
|
1
ST
&
S
|
L
. R
-~
&
TR
L
[N—
88}
n
I
o
~

and substituting these equations into eqs. (2.48-b) and (2 48-d). a relation berween the

tangential components in both interfaces A and B 1s obtained as

r— . -
H'\H IRE TN }/h ah - Vol - ! 7;/ au T~ “ fl‘;
ol — =0k (m - g,(,[) + & (/te + 5,“1) - .
ILH\H ' ah ;/': ’ o a{, ;/g —[l x5 B
-, - 7a Ay - : - : 7. - /E;r;
+| 0k’ ( / (/1,-, *S,J) -¢,,6 (/tg ,*g,é,[) D= —{
‘ v an ;/}7 ) ag /;/L' ~ /E:‘j B
2 51-a)
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(2.51-b)

The electromagnetic fields along y-direction are finally given by

(7 , A X 5
e O R g | 70 G| | b (252-a)
}';v\é’ ak }/g —E\'B ae :'/U .]‘[L‘:fj’

, ﬁl.l . //E‘ [ O E\_J S [ O —./.F:.i

"Ha | Vo lo -1l E. 0 -1 |-jEs (252-b)

The relation between the tangential magnetic field H. and H. and the tangential electric

field £, and /2., 1s now established and has the form

5

-JjH-, -4 oy, + 7,0 -a, oa,+ a0 E (2.53)
H\‘_l 4 O o 5/ :T/;] :71;‘ acb‘/ + 515;1 5(‘,_’« . _‘/FE:;I
7. — = - ~ - - -~ - —
-JH s —ay, oa, ~ «,0 -7y oy, —=7,0 ~F s
| Hus a0 -0'a, a. 7.0 =08'y, v L JEs |
with the following abbreviation -
I
a,=¢ (Aeredl)'a, | a,=0a,6-¢ @,
‘ — >y o - et SO —
ve=¢€ (Aore ) 'y, . . =0 y,0-€.7
a, = k\‘" a,(An+e 1) | a,= ox, 0 —¢, Q,

Vh=klp G ) Ly, =078 —ey

0=,/¢,0

re

Collating these equations and using the definition according to eq. (2.23), eq. ( 2.53)

becomes -
[ [E]
‘_ﬁf” L ;: ;1 ‘EB (

8]
N
4
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The representation of eq. (2.54) is in conformity with eq. (2.23) which was developed
carlier We note also that the matrices ., and V. are diagonal or quasi-diagonal matrices

depending on the lateral boundaries.

2.6 Field Transformations between Dielectric Interfaces

In a general microwave structure of multi-layer dielectrics. the scalar wave equations
(2.33) and (2 41) are considered in each separate layer The general form of the solution
in each region has been derived and are described by eqs. (2 14) and (2 44). but it is still
not completely determined. since at each discretization line. two constants of which are
vet unknown. This can only be achieved by using low and high limit conditions of each
laver. However | each laye'r'd_oes not possess top and bottom boundary conditions, but it
1s rather interfaced to. its neighbourhood layers This is so, except for the first and the
last layers that are subject to boundary conditions. due to the shielding of the considered
structure as shown in Fig. 2.5 The treatment of this situation may be alleviated when the

electromagnetic field continuity conditions are supplied.

} 7 Metalic
N Shielding

-

Fig. 2.4 Structure of multidielectric lavers

[t has been established [26.27] that in the absence of metallization conductors, the
tangential electromagnetic fields are continuous along a dielectric interfaces whereas in
the presence of metallization the discontinuity ‘takes place. Using the continuity
conditions of dielectric interfaces, the unknown coeffictents are translated to the supplied
top and bottom boundary conditions. In order to fulfil this requirement, a suitable
relation that transforms the tangential field components from one plane to the other 1s

performed. and hence. constituting a formal way for several dielectric layers case.
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It is convenient to set up a relationship between the tangential electromagnetic fields of

one plane A with those of the other plane B as depicted in Fig. 2.4 It s easy to convert

eqs. (2.23) and (2.54) to
L. (2.56-a)
s E;

?:;’—;1;: }"l , 2:—}\: (256'b)

Where

12
tn
~J
~

w15 ][] |

For the case of the structure shown n Fig 2.5 K: O for a metallic shielding at the

interface 0. In the first steps for the first dielectric interface, the relation of the tangential

magnetic and electric field can be obtained using eq. (2.56)

o

H =7 E (258-a) °

—il

with Yo =1 Z =-y (2.58-b)

;1- Z; are determined according to the properties of dielectric layer |. At the interface 1.

the top plane of the first dielectric layer 1s in turn superposed to the bottom plane of the
second dielectric layer Then, by means of this last equation (2 58), for the second layer
equation ( 2 56 ) becomes -

1—] Foz2 ] E
’ ﬁ:d ?: I_': )7{1‘7’:1 (2.59)

In the same way as eq (2 .58). the relation of the tangential component at the interface 2

1s given by
E: = ?‘/:A —;: ( 2.60-&)

with
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N A A [ - (2 60-b)

generalising this relation to an arbitrary interface k by means of a recurrence relation. we

obtain

Dk

H =Y.' E. (261-a)

with

B D S S [ R Gl (261-b)

\

~
M

Y- can be represented in the following form

y.ooe | e e (2.62)

)._’E y]: W

et

When a magnetic wall occurs-at the interface 0, then instead of E.u =0 there1s H.=0
The recurrence relation (2.61) is performed in the same way as above except fo - he
first step, where from eq. (2 40) we can get

—

, Y, =g | (2.63)

We can also start from the upper boundary in the same manner as that develored above
for the lower boundary case. But in this case we use eq. (2.57) instead of eq. (2.56) and
transform the field components downwards.

For the first interface, we obtain either £, =0 or H.=0 according to boundary

condition at the interface 0. From eq. (2.57), 1t follows

il =

“Hi=-Y, E, (2.64)
2
Where, for the electric wall starting boundary conditions, we have *
— 1. — = -
Y. =177 { 2.65)
and for the magnetic wall boundary condition
Vooerg (266
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At interface | . the following equation for the field components are then derived

R R R (PR AT (268)

The relationship between the tangential components has been established in the case
where no metallization 1s present at dielectric interfaces. However, if a metallization
exists at the interface m, the discontinuity of the tangential magnetic field occurs at the

interface and 1s given by

In the transformed domain eq.(2.69) becomes

vﬁrrn_ﬁm :_7m ( 270)

This situation 1s valid only when the metallization has vanishing thickness. hence. only

the tangential components of the current density are taken into account. that is

T = 7](/_/[\/) - The upper side of the metallization interface is designated by m  and

the lower side by m as shown in Fig. 2.5

-+— [ntertace m
“— Laverm

Fig 2.5 A tvpical structure of multi-layvers and single metallization interface

When the lower boundary limit is constdered as starting case. 1t 1s useful to compute the
tangential magnetic field for a subsequent transformation over the substrate layer m—1,
H ; in the right hand side of eq (2.56) must be substituted with

Hmzﬁm—?m:}_",nv[i_v/nl (271)
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For the components at the interface m+1, by using eq. (2 47) we obtain

m-1— im- 1

ﬁﬂl-i = ;;(I zim-\‘ *()Y ?nrl - I_’nri)jn; ( 2 72)
with a recurrence relations
fmA] :_,m *rnz-iy;n] ( 2 7-"3)
and
?'nh] :;n 1;([‘m -‘LEMJPW) ( 2 7—;_b)

In the same way 1t is also possible to start form the upper cover and performing
transformations downwards rather than startmoofrom lower boundary limit as previously

done

2.7 Field Matching in the Transformed Domain

Steeping further our objective to obtain a complete determination of tl.* solution over all
tue structure. where. after inserting the top and bottom boundary conditions and by
means of the field transformations between dielectric plane interfaces and matching the

field at the metallic interface, an algebraic relation 1s obtained This relation connects the

tangential fleld components of the electrlc field F = (f -IL,-) \}'ith the current

densities J = nﬁ(_ij,J.—) in the transformed domain as.

AY :f(],\j ) or F :f(] )
This retrieved relation has to be performed for structures of multilayer dielectrics with
single or multiple metallization interfaces of perfect metallic conductors with vanishing

thickness.
2.7-1 Multilayers Single Metallization Interface Structures
The concerned structure consists of an arbitrary number of substrate layers below and

above the metallization interface (MI), which are respectively denoted by », and n, as

shown in Fig 2 6
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Fig 26

Metallization

Interface A structure of Multilaver and

single metallization interface

The transformation of the fields from above and below of the MI must be matched to

each other at the remaining dielectric interfaces. Let e g the interface », ( counted from
the bottom ) and the interface n, ( counted from the top ) be identical at the metallization
interface ( marked M, Fig. 2.1 with n, =2, n, =1 ). At this interface. the matching

equations are given by .
Li=Em= L, B - (2.74-a)
How—=Huw =]y { 2.74-b)

Using eqs (2 61) and (267 ) and with the help of eq. (2.74-b). we get the following
algebraic relation for the transformed current densities in terms of the transformed

electric fleld

(7 7"V =T (2.75)

This previous relation form is used when the strip metallization has small width,
however, an inverse relation is preferred as long as the slot is of small width In the
transformed domain where all the matrices are diagonal, 1t 1s easy to invert eq. (2.75)

to get the required relation that connects the electric field to the current densities given
bv

(7. J}"”f) ;7,\; =Fy (2.76)

The ultimate reason for the choice between the two settled relations (2.75) and (2.76) 1s
to minimise the size of matrices in the original domain. Consequently, this brings
significant reduction of memory space as well as computing time. This is clarified in the

next section.
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2.7-2 Structures of Multilayers Multi-metallization Interfaces

For a general structure which consists of a multidielectric layer dielectrics multi-
metalhzation interfaces as shown in Fig 2 7 The integer m designate the number of
arbitrary MI and N.. the number of dielectric layers between each successive ( / and

1- 1) MI The top layer set 1s designated by. N

! Fig. 2.7

A typical multidielectric
laver multi-metallization
interfaces structure

MI - Metallization Interface
DL : Dielectric laver

At metallization interfaces Af/, and MI,. according to the relations (2.59) and (2 68).

the following equations must hold

12
J

77-a)

Hy ' =y, E. . (2 77-b)

[89]

Besides the set of layers located below M/, and M/, a helpful relation must be deri =~ .
connecting the tangential field components at the Af/, and those of M/, .~ For this
purpose, a set of NA successive dielectric lavers located between two metallization

interfaces M/, and M/, ., as shown in Fig 2.8

i
1B

Intertace - k-1

ke— laver k-

Interface @ Kk

le— [averk

Fig 2.8 A successive dielectric
interfaces with no
metallization interface

Interface © k-1

ke Laver k-

According to eq.(2 54). the relationship of the tangential field components for the k-th

layer are governed by
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Hi ooy I LE (2.78-a)

and for the layer & - /. they are given by -

Fi; _(;j“ s B
LHe | 1y v FEe (2 78-b)

Where (-) and (+) designate respectively the bottom and top sides of the appropriate
layer.

Using the continuity condition of the field component at the dielectric interface k. it is
easy to obtain the relationship between the field component of the bottom side of layer k
or top side of layer k-/, and those of top side of layer £ -/ | as shown in Fig 2 8

The resulted equation can be described by the following general recurrence relation -

_ —kt kel —

He | | Yy, Vi Ev

RN - —k -] — k-1 — ( 279'8.)
Hi Yoo Ve —Fia

k=0,....N +1

Where N 1s the number of dielectric lavers between two MlIs as illustrated in Fig. 2.9
1 B o

Fig 29

Hlustration of Ni dielectric
lavers between two metallization
Interfaces t and 1+1
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In order to get a relation for the tangential field components between interfaces A and B,
It 1S necessary to use Ni-/ times the recurrence relation to reach the final relationship

For the interfaces 7 and i~/ as indicated in Fig. 2.9, the following equation form is

Hil| _ 1y, oo || ES (2 80)
A A

and y;u] ( p.q =1 2) are derived from the recurrence relation (2.79)

obtained as

In the next step. we consider three arbitrary successive MIs, i-/, i, i-] According to

eq. (2.80), the following relations for MI i and i~/ must hold :

Hi| _ |y, v || E (2.81-a)
ﬁ;’ ;131 ;I_: _Elh

—%1 —i-l — —

H; I S TR R 1y .

Hy' vo o o =E (2.81-b)

Where the subscript /, 4 designate. réspectively the lower and higher sides of the regions.

Matching the field component at the interface i , we get
Hi-H/ =], . (2.82-2)
Ei=E/ =FE. ’ (2.82-b)

This yields the following recurrence relation for the i-th arbitrary MI -

zz E1—1+E1 E1+E: E!'I:-]l . 1:2 3 ----- m—l (283'3)

Where L :;I e :—;;: —;11 . R :;H

(283-b)
This equation is not valid for the first and the last MI, but it may be extended after
matching the fields at these interfaces using eqs. (2.77-a) and (2.77-b). Thus, eq. (2 83)

becomes

Z: E;J‘*‘Et E: +E1 Et~}:71 , ]:1,2 ,,,,, m (284'3)

and
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oL for =23 m
0 i=1 ( 2.84-b)
-1 —r-]
[ Y. =¥y for . i=2.3..... m—1
El _ ;n; _;'/ml I:m
—h i . (284-C)
l Y. -y, i=1
;1_ for i=1
Ro={ y. (=23 mo1
0 i=m (2 84-d)

Where ;r"” and )_[1 are respectively defined in eq. (2.77-a) and eq. (2.77-b) for the case

of the metallic shielding where Eo=FEmp = 0, This relation may be represented in matrix

form as

K. R WE T [J]
L- K- R: E- J
= (2.85-a)
mel zm—l Em 1 Em—l jm 1 '
L Lo Ko I En 1 LI ]
or in a shorten form as
YE=J (2 .85-b)

For regasons indicated in section ( 2.6.1 ), it is advised to have the electric field in terms
the current densities. Therefore an inversion of this tridiagonal block matrices may be
accelerated, by applying a suitable algorithm [ ] " Gauss elimination for tridiagonal

matrices"” since the elements of block matrices are diagonals, such that -

-

—F (

NI
N~
8]

.86)

= =]
Where Z=Y

It 1s worth also to note that other developments are not excluded in order to obtain an
optimal system of equations That is in situations as indicated so far. where a mixed

vector containing electric fields and current densities are expressed in terms of the
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remaining electric fields £ and current densities .J components. It i1s not simple to
generalise the optimal system for all possible structure cases For simplicity we adopt
either system of eq. (2.85) or that of eq. (2.86) , which leads namely to a simple optimal

system.

2.8 Field Matching in Spatial Domain

The established systems in the transformed domain eq. (2.75) or (2.76) and eq. (2.85) or
(2.86) mutually relate the current densities and the electric field components. These
systems should be solved since both of them are yet unknown. The considered system
may be dissociated by introducing further conditions that have to be fulfilled on the
metallization interface. However, these conditions are valid only 1n the original domain.
As known in EM. theory, the tangential electric field components on the metallization

(metal strip) and the current densities in the dielectric (slots) must be zero.

E.=E. =0 strip number

=0k region on the slot number.

2. 8-1 Single Metallization Interface

For th. case of a single metallization interface M containing p metallic strips as shown in
Fig. 2.10, the electric field components E and the current densities J can be represented

by

o ] [, ] 0] 0]
0 0 E., E,
Jo= | = B, = P LE =
Som, Som, 0 0 (2.87)
| 0] 0| £, ] L, |

The subscript m in /. and J. stands for metallization and the subscript s in /2 and £.

stands for slots between strip conductors.

Chapt 2 Analysis of Microwave Structures Based on 65
Isotropic and Anisotropic Substrates



g B

Fig. 2.11 A typical partial cross-section view of a structure
with a Metallization interface of p-strip conductors

Note that the number of metallic strips p 1s assumed to be equal to that of the slots, but
practically the two numbers can be different. Note also that the metallic strip is supposed
to constitute the starting region, while the slot represent the ending region. The
transformation of eqs. (2.75) or (2.76) to the original domain is accomplished by inverse
transformation, into which the components are substituted with eq. (2.87). Assuming
that the ‘width of the slot is smaller than the width of the metallization conductors, and
therefore it 1s preferable to use eq. (2.75), which may be written as

Yoo Vi E _ A]'J»;u

;31 Yan ”.jE:\I - e (2.88)

The original domain of this equation is obtained by back transforming, the quantities E.
and .J. by 7, and the quantities E. and J: with I Since 7. and 7, are orthogonal

matrices, the inverse transformation of eq. (2 88) in the spatial domain 1s performed as

L, 0 Elz El: L0 i - M (2.89)
0 7s -y’l _y,: 0 ];r —jE;\[ -]_:\I

This can be written as

follows

Vi e bm _ ARy (2.90)
B b —JE i
where ), = 7’)—’1, [ Heremn 7' 1s an appropriate transformation which may be either 7 or

Iy Inserting the conditions according to eq. (2.87) into eq. (2.90), the following system

is then obtained
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[ O ] r"/.\‘mI |
1‘ XS O
O '/.\'mp
e, 0
[ Son, (2.91)
i n E:.\l O
0 J.
IO T
L _.\; N ] O ]

[t 1s important to note that the vectors £u, and E., of this system contains null sub
vectors. The columns of the block matrices y,, that are used in the multiplication of the

. zero elements of the vectors £ and L., have no contribution for the next calculations.
Consequently, needless to perform computation of these elements. Then, to simplify the
calculations only the necessary parts of the transforration matrices., correspording to no
zero elements of the vector (e g. (E_Y,E:)[ in eq. (2.91) ), are retained Therefore the
corresponding columns block matrix of y, have no contribution for the next calculations.
consequently, needless to compute these block matrices at all For instance. the
necessary part of the transformation matrices corresponding to the reduced vectors is

illustrated in Fig. 2.12.

Fig. 2.12 Illustration of reduction part of the transformation matrix T

This allows us to reduce this system by reducing the size of y,, matrices. Hence the

system (2.91) can be reduced to
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[—j'] xm] 1
0
[ Ex, ]
] 'j xmp
{ ylrl )er 2 J Ex-fﬂ _ 0
Yoo v || Tk S (2.92)
: 0
L / Lz sp
Jz, ,
0

In addition, 1t can be observed from the right hand side of this system (2.92) that the
vector current densities possess also sub vectors of zeros Hence this system, in turn,
may be further divided into two systems Indeed, the reduced matrices y, are
partitioned, into parts marked with rn according to the part of the non zero sub-vectors
current on the metallic strips at the right hand side of eq. (2.92), while the other part 1s

represented by rz and corresponds to parts of zero sub-vectors. Thus, the system (2.92)

b
becomes

[ E, ]
o ; 0 (2.93)
[%1 )ﬁJ Fow | _
e R _ ]’:_
.«]’21 }22 j: = 0
__.jE:x 7|
and )
( E,r.r! ].]-Y”ll
ASHS G | NP (N 7 (2.94)
),:r!n )‘_::n _jE:A'I ']:mi .
_—.jE:xp_J L ‘]:mp _J

Equation (2.93) is an indirect eigenvalue problem which has nontrivial solutions only for

the following determinental equation

det V(& @) =0 (2

S
Net
N
~—
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The matrix elements y” {1, ) =12} of eq. (2.93) constitute the reduced matrix Y., in

eq. (2.95), and contain the eigenvalue &.=— This eigenvalue ¢, is progressively

]

modified until the determinental equation (2.95) 1s fulfilled. The tangential electric field

vector at the metallization interface [E,i,,l,~-~,E,;,,,—jE;ZI,---,a/'E;’Sp] 1s determined

afterward as an eigenvector for the resulted eigenvalue &.. Once the eigenvalue &, and
the electric field eigenvector are calculated, all the other electric field components are
evaluated at the metallization interface . after which at the other interfaces, using
equations that are described in previous sections (e.g. eq. (2.23)) but, they have to be

back transformed to the original domain. Besides. the vector [/ ,vi',yl,"',j-/i‘.yll,-jf.yl7"',-];\1;]

can be determined from eq. (2.94) Moreover all the electromagnetic field components
can be estimated on each discretization line at any y-position within the cross-section of
the structure. However, if the slot width is smaller than the strip width, then, instead of
considering eq.(2.76) or eq.(2.88) the reciprocal equation (2.75) should take place.
.Likewise, a back transformation to the original domain must be performed first; and then
the obtained system must be reduced 1n a sirﬁi-lar way as that in eqs. (2.93) and (2.94).

t

For this alternative, the current densities [4/’ v Jap s Tt Tl ][ play the role of the
tangential electric field [Ei_ﬂ,--gE,{.&,,,—jE;’xl,---,—‘jE_fs,, ][ in eqs. (2.93) and (2.94). From

the two new systems, one which represent the eigenvalue system of which one obtains

both the eigenvalue &, = — and the current density as an eigenvector, in the other hand.

1)

the second system allows the calculation of the tangential electric field vector

(E;Q;--,Eﬁsp,—jE_fﬂ,---,—_/E;’w]r in a complementary way as that of eq. (2.94).

2.8-2 Multi-metallizations interfaces

For a general multi-metallization interfaces, the general condition for the tangential

electric field E components and the current densities J are given by

E. =FE. =0
' (2.96)
Jo =J% =0
where /. 7 and & stand for -
1 - vectors on the metallization interface i
J - components of the vector on the metallic strip
k - components of the vectors on the slot
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We designate by £y, . .y the tangenual clectric fields and /.. J., the current densities
tn the spatial domain at the metallization interface ;. At cach interface. these vectors look
fike the vectors represented for the single metallization interface in eq. (2.87) where the
metallic strips occur. We suppose that at each interface the width of the metallic Strips 1s
greater than the width of the slots. in a such case ¢q. (2.85) 1s recommended. The inverse

transformation of ¢q. (2.83) to the original domain is done as follows

E HERE 17 TET [T
j [ ; | Z: Z: Eﬂ i f } | E‘\" ‘ " '7'\/ ‘
\ H : - [J M” S (2.97)
e Cole T
; A \' J [,,,,1 A’mfl le i A | i EM’,. J "]A\L ;
- — — O N —
] i Lo Kn L TV Ew | [T |
Where

ol 7;7 | ) Ex_\/, jt/x_\l,
I = s Ea= s S =
_ 1. ) : —jE;\[, Sy,

cquﬁtion (2.97) can be represented in the form

KR T Ew

L. K. R, Eip S
' B ' : =] (2.98)

Lm—l Km—l Rm -1 EA\I"H -]A\Im 1

. v L., K., L Eumu . it i

- -

Where X, = 7X,7" and X, may be either ., K or R

Using the same reduction procedure. as the one used for single metallization interface,
we can split this system into two systems. If we designate by £\, the tangential electric
field on the slots and ./, the current densities on the strips over the i-th metallization

interface. Then, eq. (2.98) is divided into two systems

FKIV: Rzr: I Em, ] (0]
L7 KF R Ey. | |0
' = (2.99)
er ! Kr’nl R:—l E~"Sm,1 0
. Ly K;|| B, | 0]
and
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K" R CEG T [ T
L K" R £y, S
R ' N (2.100)

LT O A RN B v
Ly K LB, | L s |

The superscript 7z, and rn in the matrices Z.K. R have been already defined for the
single ML The size of the two systems (2.99) and (2.100) depends on both #, number of

MI, s, number of slots at each MI and the number of discretization lines that crosses

each slot. The eigenvalue system has to be solved, from which the eigenvalue ¢, = /T 18

firstly obtained and then the tangential electric field [le B o Fog E\,\m] is
obtained as eigenvector. In the second step the current densities are computed using eq.
(2.100) at all the metalllzatlon interfaces as well as the electromagnetic field in the other
regions or interfaces using the relations that connect the obtained tangential electric field

tn a similar way to that used in the single ML

2.9 Positions of Discretization Lines at Edges

The study of electromagnetic problems involving sharp edges, such as the case of a
perfect conductor strip with vanishing thickness, where some of the electromagnetic
field can have unbounded behaviour in the vicinity of these edges. The field singularities

must satisfy the energy function

S ulHE ) ar : (2.101)

W:%I(g fﬁ

to remain bounded within an infinitesimal volume }” surrounding the edge.

In order to reduce the mathematical labour for solving these electromagnetic problems, a
knowledge of the field singularities is very helpful. These singularities when taken into
account and implemented in modern mathematical methods leads to a considerable
improvements. Including particularly the accuracy enhancement of the numerical
solution, avoiding the relative convergence for some other mathematical techniques ( 1e.

convergence to a non physical solution) and also increasing the computation efficiency.

The MoL has not the problem of relative convergence since, the convergence is
guaranteed as the discretization step decreases. Indeed, for large discretization steps, the

solution at the discretization lines in the vicinity of the edge miscounts the singularities
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and therefore errors can arise. A valuable study to minimise these errors have been
demonstrated by U Shulz [28] For this purpose. as it is proposed in [28], we simply
consider a microstrip line with perfect conductor strip of vanishing thickness as shown in
Fig 213

=
=

strip conductor

Metallic shielding

Edge

Fig 2.13 Microstrip line structure

An effective strip width or an ‘opumal position between the discretization lines and the
metallic strip-edges, as shown in Fig. 2.14 ,represented by the edge péirameter porqt.
evaluated The tangential field components parallel to the strip conductor exhibit a
regula.r behaviour [29]. It has been shown [28, 29] that the field e.. /4. near the edge

conduct » . in polar co-ordinate (p— 0), can-be described by

e: :pl Sln_ (._ 102)

and

h = p Cosg (2 103)

Applying the discretization procedure for the Helmotz equations. and using ¢q. (2.9) for the

i-th hIine vields

N

d o 1 (e e hi (eh) 2 z feh
T‘Dl“h'(}‘)+/—’((D1Lih‘(}’)—2q);“h'(}')+<Df!1h (V) + (ki =k:)® () =0 L 104
Vo (

with @ =FE. and ®" = H. and, F. and H_ represent the vector of the dis . :ed
electric and magnetic field components respectively.
Besides the boundary conditions at the top and the bottom of the shielding and the lateral

boundaries, the electromagnetic field has to satisfy additional boundary condi as at

Chapt 2 Analysis of Microwave Structures Based on 79
Isotropic and Anisotropic Substrates



discrete points ( 1<k, ) as shown in Fig. 2.14 on the strip at y=d with £. =0 or
cH.

=0 respectively for the Helmotz equations (2. 104)

cy

Fig 2. 14 Considered region with perfect conducting edge
and illustration of edge parameters p and q

With the help of Fig. 2.14, 1t is easy to show that p and ¢ are given by

s
b=

yepsing . x=-pcosg . p=((x-(k—1+gh) )

moreover, we can also show that when / < £,

A2 h
Jim > 1, (2.105)
LAY (.?_}" 4
and at the interface y =0 and for 7 = &, — | we have
1, ‘ ; VAR OLEE RNV
@f]’l :(phh): 5 (Dfl :O 3 (DZI": :(1_+_[)}7h)1 * h_ -~ 2 :Zh:ph:
Cy
(2.106)
Substitution of the relation (2.105) into Helmotz equation (2.104) leads to -
I : Lo R | ,
S0 U p) = Qe (k= ))p; =0 (2.107)
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Following the same procedure for ®° | after computing the corresponding Helmotz
equation elements for ®° at Y =0 and for the £, line, the following equation is resulted

Lo ! 5 s 5 t
Zf/f+(1+qa):—(2+h'(k~—ﬂ))q;:o (2.108)

The conditional equation (2.107) for ¢ or eq. (2.108) for p can be formulated in the

same form as that derived in [28]

I ! S 5 L
PRI U R R O S AN IC I (2.109)
Where

In addition, Fig. 2 14 shows that p. and ¢, must satisfy the discretization conditior of

the two lines system as .-

9] w

The equation (2.109) depends on the normalized frequency & and the discretization step
. It has been found [28] that for 27/ h(k* = ) =30, the influence of frequency is
vanishm.g nd the optimal approximation £=0.75, fitting both eqs. (2v. 109) and (2 1:0),
1s satisfied.

In order to discard these factors k.h, it has been noted [30.51] that, from egs. (2.102)
and (2.103) , we can obtain @i =0 and D! , =0 Once these last relations are
substituted into Helmotz equation, at the line 7 = k; — 1 for ®" and at the line j ky ~1 for
®° at the interface y =0, leads however. to the following conditional equation for L. or

g» respectively

l 3 i 1
(179 7 +22-9' -401-9' =0 21D
p. > O .
Where ¢ = {p o
iqn —

and the auxtliary condition that must be accomplished

py e (1}1 =

0| —
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The obtained optimal solution ¢=0265 fulfilling at the same time eqs. (2.111) and

(2.111) 1s obtained. For practical purpose P.=4¢n =+ is chosen. The optimal edge

5
condition ¢'=0.251s also valid for the quasi-static analysis since eq. (2.111) 1s frequency
independent. It must be emphasised, that this two line shifting system were found to be
an expedient requirement for fast convergence, where the edge condition is easily
satisfied for both ®* and ®” simultaneously. Hence. this is a further advantage of this
two line system However, it should be noted that this edge parameter was determined
for an infinitely long strip conductor, but it is not generally valid for a finite conductor,
and therefore, according to each structure shape of finite length, the edge parameter

must be determined.

2.10 Non uniform Discretization

The draw back of the method of lines for the analy51s of planar microwave structures is
due to the fact that, in the case of extreme differences in the width of the strip
conductors or the line gaps betwee_n strips, the total number of discretization must be’
considerably increased in order to take account of these small regions. This increases
either the memory space and the computing time. A further disadvantage of this method
comes from the difficulty to realise the optimal edge condition for multistrip conductors
and to satisfy in addition the lateral boundaries of the considered structure. A tractable
solution of these problems is the non uniform discretization. This concept has been
introduced in the method of lines [31] without changing its useful transformation
properties. In this section only the specific difference changes are emphasised. The
cross-section of the structure is divided by a number of lines but with variable
discretization interval. The interval sizes ¢, and A of the two lines system as shown in
Fig. 2,15, decreases near the strip conductor edges where the field singularity (field

concentration ) occurs.
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/ . g . \\ Electric

Nagnetwe Wall
Wall

X
Fig 2.15 Illustration of the non-uniform discretization
for a suspended microstrip-line structure
for @€ lines
for @M lines

In order to obtain symmetric second-order operators, the related potential functions ‘P*

h . :
and ¥" are normalised according to

LPIe — \/E\Hne (a) ‘
h (2 113)
'kP]h :\/%77%'1}1 (b)

Where 4 represents the interval size obtained for the equidistant discretization case.

In matrix notation eq. (2. 113) becomes

Yr=r'r
(2.114)
AR
) e | e
With v = diagl | — - =diagl |—
l P, Vi

Note that the vectors and the matrices with sub- and super-scripts ¢ and A are of order
N. and N, respectively.

The finite difference quotient for the first derivative of W* with respect to X 1s evaluated
on the discretization lines for ‘Ph‘. Therefore, for the 1-th line of P the first derivative

of ¥’ i1s approximated by

"? , P W (2115)
cx | : A,

I

In matrix notation, this equation becomes after normalization,
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i’hl(/’l C‘l{’g )— )th\Pg

cx (2.116)

=nDr,'\¥,, = D¥,,

Where the difference operator D is previously defined in the equidistant discretization
scheme in eq. (2.4). In analogous way, the first derivative of W, with respect to v is

approximated by

E

7. l(h F )——)—rgl)"{’h

cx (2117

=-rD'n,'¥,, = -D'¥,,

The second order differential operator is just a combination of the first-order differential

operator. The second derivative of ¥, and ‘¥, are approximated by

. 1(}: d (hcl{'” ))__)_Dx,;%

cx\ Cx .
= —p\'[) Lyne = -Pﬁ lP""
v ? i ’3 i )b 2 |
. "hl(hf—(h C:ijh))*—’~[)1)"{’nh v
cx cx J

= *p[)A\' LIlnh = —phkynh

Because the second order operators P.» and P, are real symmetric tridiagonal matrices,
which means that the related potential function components are related to each other,

they can be diagonalized by orthogonal transformation, with distinct eigenvalues
:/:.;zpch];h :;:-ah (2.119)

The diagonal matrix A., formed by the eigenvalues, and the transformation matrix 7,
formed by the eigenvectors are determined numerically by means of the " Implicit QL-
method " [36], a stable and fast technique, which has been proved to be specially suited
for this kind of matrices

In the transformed domain, the two system of ODE's corresponding to eq. (2.12) is given

by

J

d- s s N et 2.120)
——+hki ki |[-h A ¥ =0 (
dy |
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Where \Pne_h = ';{h lPrw.h

The on-going part of the analysis remains similar to that developed for the equidistant
discretization but 1t 1s only necessary to replace the vector components, such as the

electromagnetic field, current densities and so on, with the normahised vectors by the
appropriate normalisation. For instance instead of ‘Y., J.., E.-. H.. they are replaced

by WYoor. Juw-. -, Huo - Thus, the remaining part of analysis 1s yet disregarded.

2.10-1 Discretization Intervals

It has been mentioned in the previous section that singularities occur in the vicinity of
the conductor edges and introduce a considerable error. This error can be effectively
reduced by etther fulfilling the edge condition parameters and decreasing the
discretization intervals when the considered points are closer to regions where the
functions have rap'id variations. Whereas, the discretization line intervals can be chosen
larger as long as they are far-off from the singular regions where the functions are
smooth.

Generally the shapes of these functions, 1 e the potential function and the current
densities, are unknown. In this case, the functions can not be approximated and a first
run of program for equidistant discretization with 7 =r =/ shall provide this
approximation. However if the function under consideration is approximately known, '
then an approximation may be developed to obtain optimum discretization. In the present
problem indeed, an approximate function for the surface charge density o(x) and
consequently the current density on the conductor is given by the Maxwell distribution |
6], which holds only for an 1solated strip conductor.

When the potential lines are sinusoidaly spaced [1] on the strip at

2i - M,
X, = sin _’__{7,) (2.121)
2M,

Where M, 1s the total number of lines for the n-th strip and —1 < x <1, the same amount

of charges or current 1s located between any two successive lines [6]

l J‘-‘V dx _ 1 (2 122)
T J1— vt M,
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Because of the singular behaviour of the charge current density at the conductor edges,
then fine discretization step intervals or more lines are located in the vicinity of the strip.
Therefore, the line position are determined by adopting eq. (2.121) Hence one obtain for

the n-th strip located at x,, < x < X

Xou * Xo  Xpu—Xp . (2= M _
x,:#%—#sm — x| . 1=0,1... M, (2.123)
2 2 2M,

This equation is also valid for the gaps or regions between edges of two neighbourhood
strips. This allows to keep the same small interval size, which is located near each edge
for all regions, so that [6] in the vicinity of each edge the interval sizes are smali and
nearly symmetric. With the smallest interval size A = A = xy/n, ~ Xiumn1 Where M. 1s
the number of lines for the smallest strip width or region, and can be derived from eq.

(2.122) so that, at x,, < x < X»» we have the integer

\s :INY-‘F 2 (2.124)
T \ 7= 2sin" (1= 2A (x — x00)

The calculations of the interval sizes A =x,., —x, can be done from eq. (2.123 ). The
exterior regions situated between the first strip and the lateral walls, can be treated
analogously if the interval sizes are calculated for twice the regions. This is so, because
near the wall th’re are not sigularities but rather smooth functions, the interval sizes 4
have then maximum values. This non uniform discretization present another significant
advantage over the uniform one. This comes from the fact that, when the electric walls
are only secondary quantities, they can be shifted sufficiently far away from the strip
conductors without increasing discretization lines [6]. since interval sizes are largely
spaced within this region, from the wall to the first strip conductor. Thus, the numerical
computation are performed without a large effort compared to the uniform discretization.
Indeed, the interval size h of equidistant discretization is fixed by the minimum number
of lines M, ;. chosen for the smallest region, and hence the number of lines is increased
and an important numerical effort is provided to analyse the same considered structure,
espeéially if widths of strips or gaps are smaller to the structure width.

It has been seen for the equidistant discretization case, that the rate of convergence is
optimum for an adequate edge parameters. This result is also exploited for the non
uniform discretization. This can be achieved if the first line on either sides of each edg
must be always located at 0.25h, for the related electric potential and at 0 75A for the

related magnetic potential function The positions of the lines in the space or strip
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regions are determined by means of €qs. (2.123) and (2.124). In order to include the
edge condition, the interval sizes have to be shortened by a certain reduction factor. If
the gap is the smallest region at the metallization interface of the structure, then the
interval sizes on the strip conductor must be shortened by (Ww—2A/3)/w (w: strip
width), while they are not corrected in space regions. In the other case where the strip
conductor represents the smallest region, then it is necessary to shorten the intervals
sizes that are within the gap or space regions by the factor (w—6A)/w (' slot width)
and the positions as well as the interval sizes of the strip regions are determined by
means of eq. (2.123) With the help of this simple procedure. the edge condition 1s
satisfied at each strip edge, i e the error is nearly the same for all strips, as the results
shown 1n [6].

It has been shown in [6] that the mean value e =(h+h_)/2, as shown in Fig. 216 |
does not lead to the best possible finite difference approximation (e.g. eq.(2.115))
Moreover a more accurate approximation for the second derivative is obtained, if the
discretization error for each of the first derivatives and the error for the total expressxon
(e.g. eq (2.115)) are of equal order, as it is given for equ1dlstant discretization (eq.
(2.3)). This requires that the change of the subinterval sizes 7, has to be similar to the
change of the 4 ' -

. Fig 2,16 Illustration of the non central difference
discretization line positions between
the function and their derivatives

h L + 1, D - 1+1) >
— s = | P P (2.125)
hy thes+n P( Pi1 +1

b _ _ _ - _
Where p =—— and k=2/ For common values of p. , 1e for 0.5< p; <2, this
i

approximation is accurate to 1% From €q. (2.14) all quotients with odd subscripts are
given by the mean value

p;‘]:(p/“"—p/(:)/z k:O,z,,zA/{ (2 126)

Whereas all the sub-interval sizes are. for the subsequent step, calculated by means of
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h,

e =—"
1+[)k~1

teoi =B — 14 (2.127)

with k=02, .. 2M and k = 2/ The interval sizes ¢, are now determined by
& =t +1, (2.128)

Using this choice of interval sizes the corresponding quotients /4 /A._,, ¢, /¢, , and L/t

approximately form smooth curves [6].

2.11 Characteristic Impedance Calculations

In microwave engineering, matching circuits are of fundamental importance, such as
amplifiers, oscillators, mixers etc. characteristic impedance is a property of great interest
for ‘microwave circuit designers. For the hybrid-mode analysis, several definitions of
characteristic impedance are possible depending on the nature of the structure e g for

microstrip line, it is defined as
1

z, =L - (2 129)
[_
and for microslot line. as
(/3 (2 130-)
L, =—
P

Where T is the total current flowing through the strip in the direction of wave
propagation and U is the voltage of the slot ( gap ). The total current I is calculated

according to

and the voltage U is defined by
U= [ (2.132)

CVRr gap

The power transfer P, propagating along the z-direction, is determined as the integral of

the Poynting vector over the waveguide cross-section S, and is given by

L (2.133)
P= [(E < Hyds
Using the components of the electromagnetic field, this expression becomes
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p= H(e“h“ —e.h, )dxdy (2.134)

The power transfer must be calculated by summing up the power computed separately
for each layer of the cross-sectional structure. In the x-y plane, using the discretized field
and for an arbitrary layer / bounded by its bottom y; ; and top y, interface, the integral
may be approximated with respect to x-direction (discretization axis) by means of the
rectangular or trapezoidal rule, which becomes for the uniform discretization as
! (2.135)
P=h j (ELH, — E'H.)dy

Vieg

For the non uniform discretization the power can be approximated by
(2.136)

n [l E ] e ) 1) fa

‘The computation of the eq. (2. 136) 1s identical to that of eq. (2.135) where only the
diagonal matnces [ I ;,] are inserted.

Because the discretization lines of the field £, are aligned with H. lines, then they have
the same transformation matrices and the same matter for the £, and H., This fact
allows to use the transformed field components by their corresponding spatial fleld

Acomponents Indeed there is e e
EH. =E.T'TH.=F.H. (2.137)

This represents an advantage, since it avoids the matrix multiplication used to calculate

the spatial field components. Substituting eq. (2.137) into eq. (2.136) yields

P h (EH FEH)d (2.138)

For the computation of integral over y-axis in eq. (2.138). we introduce for each vector

R and layer /. the following settings,
R = RR .+ PR) (2 139)

with « as given in eq. (2.15-¢) and
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P, = dia %sinhk\, (y,—y)) (2.140)

il

P. =dia %sinhk\,(y-yu)) (2.141)

4l

Therefore, the first term of equation (2.138) can be written as

oo v E‘, | s . R P ! [7‘», 1 2142
J' EH.dv = J‘ - & | 2] g ( )
M Vi bx’ P: IDZ H”

This gives the following relation

]ZET}—{.d}’:l Eolgn gn]Hu, (2.143)
' 20 F, g g [_7)'/

with o gwEkl(—kd K a) (2144)
jh = knﬁl(kodk‘:»,, Anyn — a;,)

Proceeding in the same way as for the first term, the result of the second term may be

achieved and is given by

o

I Ew' e 2e [7:171 . )
2 E‘w gle gle Hw

with ge=k'(y.—kdkia) ~ (2 146)
g =k (kd ki a.y. — a.)

The field components that are necessary for the computation of the power transfer and
the current densities are derived by solving the characteristic equation This 1s however
achieved, when the transformed tangential electric fields £, E. are obtatned, and then all
the other electromagnetic field components can be obtained every where 1n the structure
according to relations established in the previous sections. These relations establish, n
one hand the connection of the tangential fields from one interface to the other, in the
other hand relate the non tangential fields £, ,H., to the tangential one. In addition, these
relations are given according to substrate type which yet might be isotropic or

anisotropic substrates.
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For a general multiconductor structure, we can also calculate the characteristic line
impedance of the i-th strip conductor Z, by the current-power definition [40] as

7, =4 (2.147)
[
Where /, is the eigenmode current on the i-th conductor strip
L =3"el} (2 148)

In equation (2.146) ¢ denotes the subscripts of the electric related function W* lines
which intersect the i-th conductor strip. £ 1s the partial power associated with the line
R:jaxaus (2.149)

Where E. is the total field and A, the magnetic field created only by the current on the

i-th line. For the non uniform discretization, this last integral (2.149) becomes

2= nf{lin] ) (2] ) A1 BV (1) L L (2150

Sir'n,».trly‘ we can derive the procedure for calculating the line impedance Z:» based on
the voltage-power definition for slot configuration, and which can be easily ex ended to

configurations with more dielectric layers and strip conductors.

2.12 Numerical Results

In this section, in order to check the performance of the above described techni jue, some

numerical results are presented as examples. First, Fig. 2.17 shows the lispersion

- A A , k: _
characteristics of the effective dielectric constant ¢, =— and the ch. cteristic

impedance Zc versus the normalized frequency k& d for both the single an.: coupled

microstrip lines.
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Fig 217 Effective dielectric constant €,+ and Characteristic impedance Z¢

for a single and Coupled Microstrip Line

These Figures demonstrate the verification of the algorithm using the uniform

discretization procedure. Good agreement with other available results [32,33] may be
stated.

In the Second step, the convergence behaviour, a crucial criterion for such numerical
methods, 1s treated using the equidistant discretization approach. Fig. 2.18 shows the
convergence behaviour of ¢,, and Zc¢ for a single microstrip line. M 1s the number of Ez-
lines on half the strip, h/d is the discretization distance to substrate thickness ratio, and p

the edge parameter as defined in section 29
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Fig. 2.18 Convergence behaviour of &, and Zc for a single microstrip line
ar = 10, w/d=3. a/d=18. d/7.0=0.02.

All these curves are smooth and show the monotonicity function, and the discrete

solution asymptotically approaches the continuous solutions. It is then possible to

extrapolate the accurate result
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In  Fig.  219-a the dispersion e (Zgi )

characteristice,, and Zc as a function of s _ 300

normalized frequency dsv.o are given for 4 * 250

- T oddd-mode

the even and odd-mode of the coplanar  3* :

v : - 200
waveguide. It can be seen that the 2 :

computed results agree, to within the 1 voo 1] Ea——— *5150
accuracy that data can be read from the o : j_**: ; _7 100
graphs, with the results obtained by ’ o o o cr dio
Diestel and Warm using the same

method [31] and along with those Fi& 219

The dispersion characteristics €, and Zc versus

resulting from  the integral  equation d/»o for a coplanar waveguide with a/d=20.

technique [37]. b/d=c/d=4.5. s/d=w/d=2 and £r=9.35.

Fig.'2.19-b illustrates the convergence behaviour of the propagation constant k.,/k, as a
function of the smallest interval size to the substrate thickness ratio h'/d. This curve
indicates that both. equ1dlstant and non equidistant” discretization procedures converge
asymptotically to the exact solunon as long as the discretization interval decreases. The

integers in the curves represent the number of discretization on the strip.

v Kz ' Kz
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—— <
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Fig. 2.19-b Convergence behaviour of the propagation constant kz/ko as a function of the n yrmalized
interval size (a/d)/(n+1) for the coplanar wav eguide using the uniform 2 :d non
umform discretization. a/d=20. b/d=c/d=4.5. s/d=w/d=2. £r=9 35. d/7.0= ' 033
— -~ non untform discret. uniform discret.

It can be noted that, to reach the solution corresponding to the one obtained w1 1e.g 52
lines using the.non uniform discretization ( within the doted area < 0.1% ) fo- e even
mode, which can be obtained for more than 74 lines using the equidistant dis- , -ation.
Moreover the computation time depends on the total number of lines, and partic ularly on
the number of lines through the conducting structure (optimized for strips or :lots) and

that determines the order of the reduced matrix derived from the characteristic .uation.

I
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Knowing these facts, it becomes evident that the non equidistant discretization procedure

1s advantageous with respect to the equidistant one.

In order to pursue the verification of the developed algorithm, the dispersion
characteristics of the planar waveguide is computed for different values of the dielectric
permittivity as shown in Fig. 2.20. The frequency dependent characteristics &4 and Zc
are 1n good agreement with the results obtained by the integral method [37]. Note also
that this structure supports a non-TEM mode which, consequently, cannot be analysed

using the quasi-static approximation

[}
. \ ]
ot Ze Q) - 7o Q)
L6 = I —— 1 450 12 ; 160
: e e v . B
1.4 ;—,ﬁ—‘ ~ - -
: oddd-mode T 100 10 - -
1.2 : ~ i — ' - Even-mode
- . b . .
—Een ‘. Y4 150 8- . » - 140
- R : - o -
68 = Even-mode ‘ & L?— <o z 7 oddd-mode
-8 ooo [37] a 6
0.6 = = 300 - € eff
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0.4 = ——y
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Fig. 2.20 The dispersion characteristics &€, and Zc for the planar waveguidea/d=20 ,
b/d=c/d=4.5: left er = 2 55 : right er = 20.

The next addressed problem is the dispersion characteristic of structures based on
anisotropic substrates. The microstrip line based on Sapphire substrate is firstly treated.
The achieved results shown in Fig. 2.21 agree very closely (better than 1 % ), to within
the accuracy of reading graphical data, with those of Kretch and Collin [38].

€
[ eff
(Q )A Zc

“ — 120

: I
o g :5 " 100 St 60 wd
10 »// e T 80 T et 10

: . W [

- w S = — e —— Y
9 A/ : 'd " —

: Y S I —
® ~ 025 40 ' »/777'7/"”’/_”7"1) 10

= A T — 0%

—— . . 20 —_— S 0.25
6 — . 0 S
0028 0178 9328 0478 0.625 0 0 01 02 03 04 05 06

——= K.d -~ K.d
a- Effective dielectric constant b- Characteristic impedance

Fig. 2.21 The Dispersion characteristics of a microstrip line for a Sapphire Substrate
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Fig. 2.21-a shows the effective dielectric constant €. versus the normalized frequency

kod for a sapphire substrate with € =94 and ¢,=116 for different values w/d. Fig.

2.21-b presents the corresponding dispersion of the characteristic impedance. It is worth
to note that all the frequencies are scaled by the substrate thickness factor. This 1S so
used in order to support thinner or thicker substrates according to the desired frequency
range of operation.

An additional investigation has been carried out to estimate and determine the error
introduced when the anisotropy nature of a given substrate is neglected for both £, and

Zc characteristics. Fig. 2.22 shows the dispersion characteristics €, as a function of the

normalized frequency kod for a microstrip line based on sapphire substrate.

€ et . ——— Amsolropic substrae T Anisotropic substrate

' Isotropic substrate

Isotropic substrate

wi/d=4

012 022 032 042 052 012 032 042 252

kod kod

Fig. 2. 22 &,y for a microstrip line on a sapphire substrate with
various strip width to substrate thickness w/d parameters.

The solid curves represent the results when anisotropy (sapphiree = 94,¢,=11.6 ) is

taken nto account, while the doted curves represent the computed data when anisotropy
1s disregarded (¢ =¢,=9 4 ).

Fig. 2.23 indicates the frequency dependent characteristic irﬁpedance of the microstrip

line for the same parameters described above.

(7Q " - a__ Q0 i a___
.C ' ——— .
80 - 110 ——— 60 =w/d
: 40=W/D . 4
70 : %0 Anisotropic substrate
= — T Amsotropie substrate [sotropic substrate
70
N [sotropic substrate 20
50
: 10 50 e e
30 - )
VO ...................... 0s
v e . 025
10 — 10
004 014 0.24 0.34 044 0.54 0025 0125 0225 0.325 0.425 0525

Kod

kod

Fig. 2.23 Characteristic impedance Zc for a microstrip line on a sapphire substrate
with various strip width to substrate thickness w/d parameters.
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It can be noted from these two last figures that the error, between computed data when
the anisotropy 1s considered and that when the anisotropy 1s disregarded , increases for
narrow line widths and higher frequencies. This can be explained by the fact that the
fringing field 1s not correctly taken into consideration when anisotropy 1s neglected,
leading to an error in computing the wavelength and consequently the characteristic

impedance.

Fig. 2.24-a shows the dispersive behaviour of Ag/Ao for coupled slotline on sapphire
substrate. Comparison of this results with the dispersive behaviour of the coupled slots
obtained by the equivalent network method [35] and the spectral domain technique [36]
indicates good agreements between the three methods. For this case in order to simulate
an open structure, the geometrical dimensions are a d=20 and b/d=10. Fig. 2.24-b
demonstrates the effective dielectric constant ¢, for even and odd-modes for an
epsilam10 substrate, when anisotropy counted for and when it is neglected. As the

curves show the error when anisotropy is ignored increases as the frequency increases.
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w4 o
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2 204 5 =
15 » even mode RO S 3 ) 3 ; . 7M0\l' ————
— Mol 100 P 0 00 [Alex. 1985]
2 09136) —_— H
1 . 1
0 002 0.04 0.06 0.08 01 01242, 0 01 02 03 04 05 08 07 OBKud
a- Structure using sapphire substrate b- Structure using epsilam10 substrate

Fig. 2.24 Dispersion characteristics ~g/.0 and €, for a coupled slottline structure

In order to estimate this error as function of frequency, table 2.1 summarizes a
comparison results fore,, using epsilam10 with (& =13, £,=10 ) as a dielectric layer.

¢,, for Even-mode ¢, for Odd-mode
kod Anisotropic sub. Isotropic sub. | % Error |Anisotropic sub. I[sotropic sub. % Error
£ =13.6,710 | & =13.6,°10 £ =13.£,710 | & =13.£,510
001 56135 49242 1228 2.2449 2 0095 10.48
0.7 7.6011 6.2795 17.39 74206 6.4324 1331

Table 2.1 Error in neglecting substrate anisotropy (epsilam10) for a coupled slottline structure
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This table 2.1 illustrates that, for the dominant mode (odd-mode) the error is 10.48

% at

low frequencies when k,d=0.01 and it increases to 13 31 % when k,d=0.7 at higher
frequencies. For the even-mode the error increases from 12.28 % when kod=0.01 to

17.39 % when k,d=0.7 This example demonstrates also the significance of including

substrate anisotropy

microwave and millimeter-wave circuits.

in the development of highly accurate design algorithms for

For a particular choice of physical dimensions of the microstrip line, the relative strip-

current/slot-field distributions depend still upon the frequency and the mode number.

The distribution of the electric fields Ex, Ey and Ez along the normalized slot (structure
width/substrate width ) are represented for d/A0=0.1 in Fig. 2.25-a and for d A0=03 in

Fig. 2.25-b.
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Fig. 2.25 Electric field Ev. Ez and Ex distribution along the normalized structure width for a
microstrip line based on sapphire substrate with a/d=30. w/d=1. b/d=300
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The distribution of the electric fields Jx and Jz along the normalized slot (structure

width/substrate width ) are represented in Fig. 2 26-a for kod = 0.1 and in Fig. 2.26-b
for kod = 0.3

]

Jziam Jzia m
16 = e — e 16— — e ——
14 - e wnso substrute " . '[ J
121 ® & & ;50 \ubstrate ) ! ! T awso. substrate
: t2 - ® & & ;50 substrate
08 . 08 - :
08 - e et . .
e
04 04 -
02 -
0 e :
0 —
x d
A S 6 12 14 16 18 <d
1271 A m N N
2, 1 XA m)
t — 3
— Ao substrate
180 substrate 5 .
! T amso substrate
P 150. substrate
S S
ry 0 — —
: . I
[_" - T —_ A
- w b (=
st : e W °
3 d X 2 - .
- . e a x
2 _ S e U B
4 45 15 155 16 xd 3 —
14 ’ 15 16 wd
a- at the normalized frequency d/’.o=0.1 a- at the normalized frequency d/3.g=0.3

Fig. 2.26 Current density Jz and Jx distribution along the normalized structure width for a microstrip
’ line
based on sapphire substrate with a/d=30. w/d=1. b/d=300

All these distributions were presented for both 1sotropic and anisotropic substrates at the
metallization interface y=d. The number of discretization lines is of 17 on each slot and 8
on the strip for d/Ao = 0.1, while for d/Ag = 0.3 a number of 20 discretization lines on
each slot and 10 on the strip. It is clear from these distributions that near strip-edges theu
fields as well as the current distribution vary rapidly, so that a small discretization
interval should be chosen there. Exterior to the strip-edge regions of high energy
concentration, the functions are smooth. Hence, a coarse discretization is taken in this
case.

Finally, 1t 1s instructive to plot the spatial field component for a coupled slotline
structure where its physical dimensions are specified in Fig. 2.27

The distribution of the tangential electric field components over the cross-section viewed

in Fig. 2 27 are represented in Fig. 2.28 for both the even and odd-mode at d/Ao =002

Chapt 2 : Analysis of Microwave Structures Based on
Isotropic and Anisotropic Substrates

91



e

l_v/d
10 .
% s w b Fig. 2.28
5.5 { Coplanar waveguide structure
sl & d With a/d=20. w/d=2. s/d=2.
b/d=c/d=4.5 and g = 9.35.
£, c
LA L N EN

0.015

002 |

\5 10
vid 0 5 10 15 0 y/:\
e -
x/d : ~xd
Even mode

odd mode

Fig. 2.28 The distribution of the electric fields Ex and Ez for the Even and Odd-mode
of the Coplanar waveguide at d/rg = 0.02
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2.13 Conclusion

A generalized full-wave analysis based on the MoL for the modelling of the dispersive
properties of planar integrated circuits ( MICs and MMICs ) including both isotropic and
anisotropic substrates 1s established The derived algorithm utilizes erther the uniform
and the non uniform discretization approach. The exact solution can be attained by
extrapolation since both approaches converge always to the exact value However. the
non uniform discretization procedure has the advantage over the uniform approach since
1t reduces both memory space and computing time The numerical results obtained using
this method have been presented and compared to other existing data Good agreement
was obtamned in all cases, establishing thus. the accuracy and the applicability of this
method for the full range of planar structures

Moreover, the various studied planar structures have shown that when anisotropy 1s not
accounted for in the computation of the waveguiding structure properties, an error is
incurred which increases as long as the line width is decreased and/or the frequency is
increased

Knowing the above facts, it can be concluded that the Mol 1s an effective method to

derive the dispersive properties of the distributed circuit elements - n a rectangular

waveguide with very good accuracy. Among its distinguished advartages, in addition to
those noted in chapter 1, is the simplicity of the resulting computer algorithm allowing

efficient circuit parameter computation on a personal computer.

.
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Chapter 3

Analysis of Microwave Structures

With Finite Metallization Thickness

3.1 Introduction

The actual trend of microwave engineering is toward irtegrating circuits operating at

" higher frequencies that overtake the millimeter-wave region or the spectrum above 30

GHz. The planar and quasi-planar transmission line structures used in MICs, MMICs
and optical integrated circuits operating at higher frequencies are of reduced size. This is
in accordance with the desired electrical characteristics that are imposed by circuit
design constraint, and satisfying in addition the commercial pressure to increase the on-
chip component deﬁsity, This size-reduction of a cross-sectional dimension of the planar
transmission line structure leads consequently to shorten the metallization strip and gap
widths. It 1s then obvious that the metallic thickness of strips become more significant at
higher frequencies, as it is in the same order of magnitude as strip and/or slot's width
However, 1t will not be approved [1,7] to neglect this metallization thickness at
mulimeter wave frequencies. This is, in fact, another area for improving the analysis of
MICs and MMICs by taking into account the effect of metal thickness on the dispersion

characteristics of the transmission line structures.

The vectorial method of lines, since only vectors or diagonal matrices are carried out
during the numerical computations simultaneously with 1ts other pertinent properties. 1s
more adequate over many other techniques particularly for the analysis of microwave

planar structures with finite metallization thickness.
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3.2 Hybrid-mode Analysis using Uniform Discretization

A typical cross-section of planar structure of multidielectric layer multi-strip conductors

is represented i Fig. 3.1 and is considered to illustrate the mathematical formulation.

The analysis 1s only demonstrated for this planar structure but its extension to muln-

metallization interfaces 1s straight forward. as it has been previously done for the zero

metal thickness so far in chapter

represented in Fig 3.1 is considered It
h of the metallization interface (MI), and a set of m layers as

s generally formed by a set of even or

2 Because of symmetry, only half of a cross-section as

consists of a set of p lavers used as substrates

located at the underneat
superstrates at the upper side of the MI The MI 1

odd number of strip conductors.
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Fig. 3.1 A half cross-section of multilavers and single
metallization interface of multistrip conductors

It has been shown in chapter 2 that, for a set of dielectric layers, a single equivalent
(2. 79). However.this leads to

layer may be obtained by using reccurence relation eq.

more simplitied formulation and instead of Fig.3 1

adopted as shown in Figure3 2

an equivalent structure may be
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3.2 Hybrid-mode Analysis using Uniform Discretization

A typical cross-section of planar structure of multidielectric layer multi-strip conductors
is represented in Fig 31 and 1s considered to illustrate the mathematical formulation.
The analysis 1s only demonstrated for this planar structure but its extension to multi-
metallization interfaces is straight forward, as it has been previously done for the zero
metal thickness so far in chapter 2. Because of symmetry, only half of a cross-section as
represented in Fig 3 1 1s considered [t consists of a set of p layers used as substrates
located at the underneath of the metallization interface (MI), and a set of m layers as
superstrates at the upper side of the MI The MI is generally formed by a set of even or

odd number of strip conductors.

)

Metallic Interface

SN Electrical Wall

-:\\\m\::::\:z\t::zmamws ¥

Magnetic Wall

Fig. 3.1 A half cross-section of multilayers and single
mectallization interface of mulustrip conductors

It has been shown in chapter 2 that, for a set of dielectric layers. a single equivalent
layer may be obtained by using reccurence relation eq.(2. 79). However.this leads to
more simplitied formulation and instead of Fig 3 | an equivalent structure may be

adopted as shown in Figure3 2
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Magnetic Wall Electrical Wall
fs——

Metallic Interface

Fig. 3.2 An equivalent planar structure of multilaver and single metallization interface

The region II contains the metallization strip conductors of thickness t, and are typically
arranged as shown in Fig. 3.2 The gap between the strip conductors can be filled by
different dielectrics with thickness t. In order to derive the electromagnetic field within
the gaps, we must consider for each region II; a metalic or an electric wall on either side,
constituted by the lateral sides of the strip conductors To realize this condition, the
discretization lines of the electric field should coincide with the metallization edges,
satisfving thus, the physical boundary conditions in either side of the intermediate
region. We consnder that each. reglon Ii 1s discretized by N, related electric field
function and N’ =1 related magnetic field function. Moreover the relationship connecting
the tengential electric and magnetic field components at the interfaces A and B is still
valid According to eq. (2.22) for isotropic dielectric layer and eq. (2.53) for anisotropic
layer. the tengential electromagnetic fields can be described for each intermediate region
! bv

7 =0 <, =, i, ;
‘,/Hll BT AR s Yis Eo
ey —i, =i, =1 =i -
H. FuoFe oy Y| —JE
n, T S Y e G.b
iE: BEFURE ST BEEY -
7 =i, =L — v
Hw | S S ST et JEs |,

Where 7 1s the number of intermediate regions. The elements of the system (3. 1) for each
intermediate region are generally different from each other. This is because. there are
different numbers of discretization lines, leading to different matrices A and T. In
addition, 1t 1s obvious that these quantities are also differents from those of the region 1
and [ll. e ¢ A, T. ande,. This system may be compressed by assembling subvectors of

the same kind and at the same interface according to
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ErA.B _/vH:A.B
Fis o= . N H, L =N, ‘ (3.2
[_/[L:‘B:In. o § I: Heg JII. -

Then, the system (3.1) may be reduced to

with

and v are appropriate quantities relative to each region (II}, 1= 1,2,.., r ) and they are

defined 1n eq (2.23) for the 1sotropic dielectric layer and eq. (2.55) from the anisotropic
case.In addition, these matrices Y., can also be determined for a set of dielectric layers,
within which no rhetallization 1s aséume_d to exist, by means of reccurence relation (2.79)
as tllustrated in chapter 2.

The relation of the transformed tengential field, that connects the tengential magnetic
fields to the tengential electric fields at the lower interface A of the region I can be

written as:

R -/ —I -
I]lV—Z_HH _ V. }/1: Ei (3.5)
Las 6 e a
or abreviated by
Hi=y E, (3.6)

"’ . . . . . . -
the diagonal matrices Y., are determined in a similar way as described in section 2.6 for

a single and multidielectric layers In the case of single dielectric layer they are given by
eq. ( 258). In the same way as that for the zero metallization thickness case, at the
upper 1interface B (Fig. 3.2) one can develop a relationship between the tengential

magnetic and that of the electric field . which is given for the upper region III by

R — I — I o=
o sl I P UNS F G.7)
| -Hw v v | l-JEa
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or may be compressed to

— 1 —

ﬁB = _-yl EB (3.8)

. — 1 . —I . .
The diagonal matrices y,, are hike y, , but they are inherent properties of region III

The field at the intermediate region II must be matched in the spatial domain at both
interfaces A and B in conjunction with the other fields resulted from the lower layer I
and upper layer III .
In Electromagnetic theory, it is known that the tengential electric field vanishes within
the perfect conductor like the tengential magnetic field Indeed. for infinite conductivity
the field in the conductor must be zero. since the flux lines of B are continuous, and in
addition because the tengential component of E is continuous across the boundary, then,
1t 1s necessary that

n-B=0

Ei=nxE=0

at the surface of a perfect conductor where n is a unit vector. However, for the tengential
components of H the situation is different because a surface current Js will exist on the

surface in the limit o0 — x.

Fig. 3.3 Boundary of a perfect conductor

Applying Maxwell's equation to the countour C as illustrated in Fig. 3.3 [8], we get

§H-d1: _/(ujf)-¢3'+j.1-c15

o

§H.d1— H,A/:lim"j‘j(o[)-dSirlhirPf.]u’S

=lim hJ-Al=J,Al

Bl

or In vector form, as
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nxH=.J, (3.10)

Here H is the magnetic field component at the metallic interface. It 1s worth to note that,
both B and H vanishe within a perfect conductor.
Applying now the last result in eq. (3.10) to the actual studied case of finite conductor

thickness. For the situation where the strip conductor 1s on the dielectic layer, and when

neglecting the current ./, component, we get

H. =J- (3.11)
Hsi = _Jx

Field matching at the interfaces A and B, as shown in Fig. 3.2, must be done in the
spatial domain by means of eq. (3.10) for metallic regions by -using the continuity
condition of the tengential electric field within the regions of dielectric medium at the

,v.1. For instance at interface A, we have

[0 ] [0 ] UL —J ]
11 11 m 1
E»"—“ E:;I H,t4 [_[:_4
Ey =10 CEL =| o | L HL, =y | LH, == 6w
El]z EIIZ HIIZ H]]:
x4 -d o i

and similarly at interface B we get

0 ] 0] [—J% | [T |
EH] EUI H[/l HU]
xB -B xB B
A N > A N I A VA B/ I BV B
1?2 -2 nz 12
ExB 1‘:8 HxB H:B

In these equations (3.12) and (3.13) the superscripts 1,2,... of the currents J and field
components £, denote the 15t,2nd,  strip conductors and intermediate regions
respectively.

The back transformation of eq. (3.5) to the original domain for the case of boundary

condition presented in Fig. 3 2, is performed by inverse transformation as
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E——

Iox ' B (3.14)
Iip —JE

e

f——

{_‘jHﬂ} — [TDA\' jl _11 )‘/1/_
Hx:l ]j\'D ;; ;i,

Substitution of eq. (3.12) into eq. (3.14) gives

o 0
JH EL
N 0
~JH E.;
_ { 7:9\' } T 1 ;1’: l: TDIA\‘ }
J; Ty :: ;I_ T)fD 0 (.15
H, ~JEL
J2, 0
HY SJEL

This sytem of equations may be splited into two independent systems, where one of them
establishes the relation between only the field components. In order to accomplish this

decomposition, we first introduce the following abbreviations

[—JHL ] [ S [ ]
—JHZ E. Y
HY = ' D EY = : S, = : (3.16)
v H ! —JEL J.
H; —JEL S

and the reduced transformation matrix 7" superscripted by r, and its complement 7™
containing the remained elements of the full-matrix without the reduced transformation

matrix /. These matrices may be represented as

Tr , ‘ Trc'
Y;r — { DN ) } i Y;rc — { DN . } (3 17)
Lp Iip
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The reduced transformation matrices are formed by gathering block matrices belonging
to the lines in the slot or intermediate regions. This means that 7”7 is not necessary a
square matrix. While the complementary matrix is the other part of the full matrix, and

consists of rows which belong to the lines in the strip conductor as tllustrated in Fig. 3 4

m - non il

T
minon t : = Ton

m - onon 12
TTU\ =

m 7 lnog'd .

= T

Fig. 3.4 Mustration of the reduction of the transformation matrices

rn - row numbers . In : line numbers
Using these abbreviations, the system (3.10) is divided into fwo systems which are grver.
» ) .
by

HY =17y TVE"! (3 18)

' e T g oy
. Jo=1"y IVE . (319

A complete analogue way may be developed for the interface B where the spatia.
component relationship can be performed bv inverse transformation of eq. (3 7) Afte:

substituting eq. (3.13) the system established for the interface B is given by

[T oo ]
Y El
‘/’./fﬁ 0
JHY El
Co ( 1, [T VAN : (3 2
e T /} [N 1] o
| -H —JEL
I 0
—m ET ;
C I
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and when inserting again the abbreviations

T2 24 gy
_]H:B ( E,\’B
ypll2 ~12
_./H:B ExB
H/[ — . El! — N
B 11 B Al
HrB _./E:B
2 Il
H,VB —jE:B
L . L J
then, the system (3.20) may be divided to
o o T e e
_HB - f///)'; TmLB
' ‘w*‘r‘r‘r rtop~ Il
e Jg =1, Y, Ik

(3.21)

—
(%)
2
[S%]

—

—~
(]
o
(9]

~—

r 1 . — ! . .
where ) represents the block matrix of the Y, and Iy =1, for the case of Fig. 3.2

Transformation of eq. (3 3) to the spatial domain for all the intermediate regions yields

. [— — il — I it
i - 7 ~— — It it
Hl[?[ 711 V: }"1 7—}1

L

r,
7[1[ :|> AN

J -1

(3.249)

(WS
S5}
N
-

where the matrices 77.. and 7], are appropriate transformation matrices for each slot or
REN oD p p

intermediate region.

The systems (3 18), (3.22) and (3.24) established for each region (e.g I, II, Il ) are

enforced with continuity condition of the tengential electrical field at the interfaces A

and B. In order to satisfy the continuity condition, the equations of all slot regions II!

must be combined to form one equation. In addition, the vectors £ and H" must be

splitted into x and z parts and must be represented in the arrangement as the components

in the vectors of eqs. (3 16) and (3.21) . To achieve this combination, block matrices are

— il

X —in X
formed for sub matrices of 3 and y. according to
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—n ‘ — 1
Yen = dlag{yk ' }

)- = diag{;f:: }

(3.26)
—i - — L
V.. = quasidiag| y H:}
—1 o — 1
Vi =quasidiag)y, .,
with k=1 and k=2, and i=1,2.... These matrices are now combined to one block
matrix
— I — I
;H — 'y/v.':i VVA’ 12
Yk T —~n — I o
Lyk 0 Vi (327)

A corresponding transformatian of the vectors of each slot region can be constructed

according to

T =diag{T } (3.28)

7“[;[-) = dlag{ ][l)U } (3.29)

and by grouping these transformation matrices 7 and 7rp to one block matrix, then

the following transformation matrix corresponding to the field dimension according to
&

that of eq. (3.16) and (3.21) is given by

To=| " _ (3.30)
[ op

Now the system (3.24) 1s applied to all the slot regions of interfaces A and B and then
putting together the obtained systems in such a way that the arrangement of the field
vector is in the same order as in eq. (3 16). The collected sytem for the intermediate

regions can now be established by

- —u

7] E -'H —a 2 i
{H.; J 1 Yooy, Iy ¥ (331
= '

where
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(3.32)

In the other hand, in order to match the field at the interfaces A and B, equations (3.18)
and (3. 22) must be combined to a single system so that its components are put in the
order as that of eq.(3.31). This combination can be satisfied by

H‘!l[ Y;r y[ ]*[rt E‘;[ .
H][ = ad — I T —FH (3.33)
3 ! bs ! “B

Finally, substituting the left hand side of eq. (3.31) with the right hand side of eq. (3.33)
then the indirect eigenvalue system is achieved

[ T= - = = ! . —1 - ! i
R R e ’ I £, = (.33
Ll 5 Al sl n ]l

cae

]

=

or it can be abbreviated by
L,
[Y(k. @)] .| =0 (3.
-E,

2
S}
v

—

This 1s the caracteristic equation for the analysed structure where the solution is obtained

by solving the following determinental equation

det | [ Y (k. w) 1. ) =0 (3.36)

From this system the propagation constant k. can be determined in the same way as that
done so far in chapter 2. Therefore the field vectors E ., 5 at the metallization interfaces
are determined as eigenvectors by means of eq (3.34) Consequently, all the other
electric and magnetic field components can be derived, including the currents ./, and J;
which can be computed by using eqs. (3.19) and (3.23) respectively.

However, the established sytem of equation (3 34) 1s suitable for a large strip width.
since the size of [Y]wd 1s fixed by the number of lines that do not cross the metallic strip.
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Note that the size of [Y]ml becomes significant for situations where the strip width is
smaller than the slot width It is important in this situation to develop a system for the
currents on the metallization instead of the electric fields as in eq (3.34).

Indeed, from egs. (3.6) and (3.8), similarly to eqs. (3.19) and (3.22).the electric fields

FE ; and E5 can be written as

eV =7() (1) e+ T (5) 1 H (337
EV =) () gy -1 (") 1 HE (3 38)

Substituting equations (3.18) and (3.22) into egs. (3.36) and (3.37) respectively, we get

EY=2J, (339)
) El =y, (3.40)
where ’
rr ! -l rt r rr - r - re \!
== [1—6(}') 1Ty } 7 (y') (1)
and

L {1+T,'(y’”) ‘j}nrlry/u];n ] T{r(y11'1)""(T[w)"

Replacing equations (3.38) and (3.39) into system (3.34) yields the follow ng

z | ‘J
[Y}{ 111‘H:A-\:0 (3.t
z Sy

The solution of this system is acheived by solving the following determinental equation

characteristic equations :

det [Z(/(__,a))] =0 Y

i
where 7 - [ % ] L -m} Co)
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3.3 Non Uniform Discretization

For the analysis of multiconductor structure configuration for MICs and MMICs with
finite metallization thickness, the discretization lines should comncide exactly with each
conductor edge. The uniform discretization can not easily fit this last condition without
dicreasing the discretization interval to an unpractical small value. This leads
consequently to increase memory space and computing time as well. This difficulty can
be solved by using the non uniform discretization scheme, which satisfies the condition
of adjusting the discretization lines to each conductor edge. Moreover, 1t can be noted
that the edge condition discussed so far does not apply here, since the analysis was only
valid for zero strip metallization thickness. The edge condition must be violated in the
current situation, but the convergence is always assured as argued in chapter 2.
Whereas, the accuracy may be inproved as long as the discretization interval is

decreased near singularities occuring at the edge of the metal conductor.

The former uniform discretization procedure that .ha've been used in chapter 2, for the
analysis of planar structures with zero metallization thickness, is still valid for the
present analysis except that slight modifications are introduced Thus. we only
emphasize on particular points where changes must appear.

The discretization lines are sinusoidally spaced and the positions are determined

according to

S b 20-M
Y = na n + ha n Sin n T 5 1'20,1,2,...,/\/[

i ) 2 2M
7

n (3.44

The smallest interval size A = x,;, —x,,., on the conductor or on the slot, must be the
same and determined for the smallest region. This is satisfied when M, is given

according to

A= INT 27 : (3.43)

~darc | =2 _ ‘
T-2arc | _A(xnb x’m) )

There is no correction on the interval sizes on the slot as shown in Fig. 3.5 in contrast to

that used in chapter 2.
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—

-_— Electric field lines

Magnetic field lines
Fig. 3.5 Illustration of the discretization lines positions

3.4 Numerical Results and Discussions

To venfv ‘the performance of the described method. numerical data for selected

.microwave structures are presented. In the first step, the convergence behaviour when

using both the uniform' and nonuniform discretization, of the dielectric constant

e = " and the characterstic impedance Zc for a unilateral finline structure with finite
ot

blh

o
metallization thickness 7 is studied These convergence behaviours are represented as
function of normalized discretization width (a d) (n-1) hd (n 1s the total number of

discretization lines ),.whlch are shown in Fig. 3.6 for d/20=0.0102 and d/A0=0 0296 It
can be seen that if the discretization width decreases to zero the calculated &, and Zc¢

converges always. and then an extrapolation to the exact value is possible. ¢, Zco are

the extrapolated value for # — 0

) . - - - ’h 250
30 o e - Cratonn dise e
/ . — Cett /e :
- . 185, Vg0 ——— cnuratorn s

el ot . e el

53 270 o k . Heh
- 7 it . - e
s RALRHI r-; ,,,,, -—1 ‘ 5 215 e T R .
_ ut o . e -
N h - Vs

- S e S S e 545 90 - - - - - 32

o2 a4 T 13 N z A ‘5 J 52 PR3 o a 33 1 12 T4 15

- — (ad)(n-1} == (adyin-1)

d/7.0=0.0102 d/7.0=0.0296

Fig 3.6 Convergence behavior of e and Z¢ for unilateral finline structure using the uniform and
nonuniform discretization as function of /a s i - 1, a/d=18 8.h1/d=18.8. h2/d=17 .
$/d=3 76, t/d=0.79. &r 3%
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Although, as figure 3 6 shows, the nonuniform discretization assure in all cases better
convergence than the uniform discretization for the same number of discretization lines.

This minimizes both memory space and computing time.

Fig 3.7 shows the dispersion of the dielectric constante,, as function of d/Ao for the

microstrip line with finite and zero strip thickness. The comparison curves were

determined with mode matching technique MMT [1,5].

€ eft
wi/d=3
9 I Mol t/w=0
Mol t/w=0.1
MMT t'w=0.1 wid=1
8 -
- . 1,
F
d
6
0 0.02 0.04 0.06 0.08 0.1 012 0.14

Fig. 3.7 Dispersion Characteristics g.gras function of d/.o for a microstrip line with finite
metallization thickness a/d=16. b/d=8. &r=9.7. ’

It should be noted that dispersion curve for thick-strip cases is lower than that for thin
case (1 = 0). Moreover, the effect of strip metallization thickness is more significant at
low frequencies and it becomes smaller at the higher frequencies. This 1s because at
higher frequencies the electromagnetic fields are concentrated in the region of the
substrate between the strip and the lower ground conductor. This minimizes the strip

conductor effect at higher frequencies.

Figure 3.8 shows the effective dielectric constant ¢, and the characteristic impedance

Zc versus the normalized frequency d/»o for the unilateral finline with different slot
widths and for metallization thicknesses t/d=0 and t/d=0.79. Our results are in excellent
agreement, to within the accuracy that data can be read from the graph, with those
obtained by Kitazawa and Mittra [3] utilizing the network analytical method and also
with those obtained by Mansour and Macphie [9] employing the conservation of complex

power technique.
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Fig 3.8 Dispersion of the dielectric constant sy and characteristic impedance Zc as function of d/7.
a/d=18.8.h1/d=18 8. h2/d=17.8. «r=3.8.

The results indicate that the metallization thickness has a significant effect on the
characteristic impedance [9] Its effect, however, on the effective dielectric constant
depends strongly on the slot width to the substrate thickness ratio s d and is more

r-onounced for small s d and for higher frequencies k.d.

Figure 3 9 shows the dispersion of the effective permiftivity &, and the characteristic

impedance Zc versus the normalized frequency d/Ao for bilateral finline structure with

different siot widths and for metallization thicknesses t/d=0 and t/d=0.96.

e ——td

B o ,,,,A‘}Od

S e 0 - [ — -

3 joRels) 31 313 052 225 o 005 01 915 02 025

s/d=4 s/d=10

Fig. 3.9 The Effective dielectric constant as function of the normalized frequency d/7.q
for the bilateral finline structure a/d=2%. b/d=36
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Fig. 3.10 Characteristic impedance Zc as function of d/%., for
the bilateral finline strcucture a/d=28. b/d=56

For thin metallization (t/d=0) our results agree well with those published by Shmidt and
[toh [10].using the spectral domain technique for.both ¢, and Zc. In the other hand, for
thick metallization thickness (t/d#0) our data are compared to those published in [9].
where good ~agreement 1s observed for both the propagation <constant and the

charactenistic impedance.

The results. show that unilateral and bilateral finlines have identical behaviours for hoth
¢, and Zc as far as the effect of the metallization thickness is concerned.

The effect of metallization thickness for the E-plane structures, e g. the unilateral and
bilateral finline structures, act in opposition to the effect of metallization thickness fo:
the microstrip line. This can be explained by the fact that in the higher frequency range.
the electromagnetic fields are concentrated near the line conductor edge (in the slet

region) which increases the effect of the strip conductor thickness [6].

It is informative to plot the electric field Ex and Ez distribution for different
metallization thicknesses. Fig. 3.9 shows the distribution of the electric field component
for the bilateral finline structure for a particular choice of a physical dimension at 2
certain normalized frequency d/Ao for two strip metallization thicknesses t/d=10"2 ¢ |
t/d=0.96.
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Fig. 3.9 Electric field Ez and Ex distribution at the interfaces B and C along the normalized structure
width for the bilateral finline structure for a/d=28. b/d=56.s/d=4. at the normalized

frequency d/’o=1/3. 10-2.

3.5 Conclusion

The presented analysis within this chapter as well as in chapter 2 demonstrates that the

MoL is a versatile and effecient technique to characterize MICs and MMICs structures,

including certain technological parameters such as substrate anisotropy and metallization

thickness. The numerical results obtained using this technique agree with other

published data. This confirms the validity of the developed algonithm and 1its

applicability to other untreated microwave structures.

It can be concluded from the numerical results that the effects of metallization thickness

has to be taken into account if accurate and reliable analyses of MICs and MMICs

structures are required.
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Chapter 4

Analysis of Finline structures

with Special Considerations

4.1 Introduction:

.. Tuc deal transmission line for millimeter wave integrated circuits is one which avoids

miniaturization and vet offers the potential for low-cost production through the batch
processing techniques. Many practical transmission lines are proposed tovoverc-ome the
common transmussion lines liability and associated problems at higher frequencies. This
led Shneider to the proposal of suspended substrate microstrip lines [1] and Meier [2] to
that of finlines.

With growing interest from the components designer, there has been increasing activity
concerning the theoretical foundations of these structures. During the past several years,
divers papers have been published by several authors [3,6-11] using various numerical
techniques on the determination of the propagation characteristics of finline structures.
However, most published analysis do not take into account the effect of finite
metallization thickness and supporting grooves.

The metallization thickness has been taken into account by Beyer [8] and Vahldieck [9]
using the mode-matching method and by Kitazawa [10] using the network analytical
method and also by R. Mansour et al. employing the conservation of complex power
technique [11]. Furthermore, the effects of side wall grooves, which have been employed
in an actual realisation of finlines or generally used 1n E-plane’ circuits that support the
substrate mechanically, has been considered as well in [9-11]. The effect of the metal
strip thickness on the propagation characteristics of multiconductor planar transmission
line structures has been taken into consideration by Saad and Schunemann [15], in which
the approximation involved is only valid for structures with large slot width, and recently

using accurate analysis [12]-[15].
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In the present analysis, the hybrid-mode approach is used for evaluating the effective
dielectric constant for the dominant and higher modes as well as the characteristic
impedance for specially a unilateral finline structure. The analysis can also be applied to
a wide variety of planar and quasi-planar transmission line structures with
multiconductor and multilayer isotropic/anisotropic substrates

Besides the versatility and the flexibility of this approach in treating complicated
structures, 1t 1s numerically efficient and includes in addition, practical considerations
such as metallization thickness and substrate mounting grooves. In addition, another
important parameter disregarded by the overall published analysis has to be taken into
consideration. Particularly for quasi-planar E-printed transmission line structures which
do not support TEM-wave propagation, as that of the finline structures, have to be either

1solated from the metallic housing at dc, or directly connected to the waveguide housing.

4.2 formulation of the Problem

To preseht the analysis, we consider a realistic finlihe structure of interest, which has
been used by Meier‘[Z] as shown in F'ig. 41 Fora better description of the analysis, the
cross section of this practical structure is represented in a more unencumbered
configuration as shown in Fig. 4 2 This integrated finline structure was developed to
operate at millimeter wavelength where its cross section is suitable for mounting
semiconductor devices.
Nvlon screw
Substrate Insulating gasket ?

S i - N

A .
I T R
K e 1“"“‘"‘_‘ . Printed fin
1y
a - 1\
s
T ———— Fr-—— -
- J} B
’ T
A Metal gasket

Metallic housing
Fig 4.1 Real unilateral finline structure and illustration of its fixation
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In this structure (Fig. 4 1), the upper fin is insulated from the housing at dc by a
dielectric gasket, where, according to Meier [2], 1t i1s grounded at RF by choosing the
thickness of the broadwalls to be a quarter wavelength 1n the dielectric medium. The
lower fin 1s grounded directly by a metal gasket to provide a dc return in solid-state
applications. The typical realistic structure presented in Fig. 4 | may have symmetric or

unsvmmetri¢ fins.

[nsulating gasket

i :Printed fin Metal gasket
| ;/‘
T e——— . '__:4 - i
C ‘ | - i
B A !
S AR [ ]
Substrate :

Fig 4.2 Unilateral finline structure with mounting. grooves and using gasket insulator

For the analysis of this structures (Fig. 4.2), it is worth to note that the regions I, II, III
and V are homogeneous isotropic or anisotropic dielectric layers, where in each region
the wave equations have to be solved. The tangential field relationships needed for the
matching are then directly exploited from previous appropriate established relations.
However, the treatment of inhomogeneous layers, such as region IV, has not yet been
achieved and therefore, i1s now recommended. This is the purpose of the- following

section.

4.3 Analysis of inhomogeneous dielectric layers
4.3-1 Discretization description of inhomogeneous dielectric

The homogeneous layer consists of an abrupt transition of two or more dielectric regions
aligned in the same layer. In order to analyse microwave structures formed by either
homogeneous and inhomogeneous dielectric layers, the problem of imnhomogeneous layer
should be solved first, and the resulted analysis must be mixed with that done so far for
homogeneous layers. For this purpose we consider an inhomogeneous layer which

consists of two dielectric abrupt transition as illustrated in Fig. 4 3 It can be noted that
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the dielectric constant of each region is function of x. In this way, the problem of more

than two transitions can be undertaken without difficulty.

R e R e o S

M. x X
discretization for w® - — —  discretization for

fig. 4.3 Uniform discretization of homogeneous dielectric laver

For reasons previously indicated in chapter 2, and following Collin [16-18] the wave
field in this inhomogeneous layer can be determined from two vector potentials 7, and

7, . which have only one component in the dielectric of transition, namely the x-

direction . The electromagnetic field is related to these potentials according to

E = gy(x)’leVXﬂ'U—_jkavxﬂh ' (4.1-a))
nH = jk”V-x T, +VxVx T, ) (4.1-b)

with k = w . e u and n = V4, /€, . For the vector potentials 7, and 7, , which are
x-directed (umit @_ ) and propagating over a cross-section of waveguiding structure along

the z-direction, may be written as
e k.-l
(X y)=yi(x.y)e Tk "G, (4.2-a)

()= w'(x, ) ek a, (4.2-b)

The potential functions w* and " must fulfil the Helmotz equation (4 3-a) and the

Sturm-Liouville differential equation (4 3-b) respectively -
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associated together with the following boundary conditions

Electric walls wi=0 : cy’ ~0 (4.4-a)
cx
Magnetic walls wi=0 : 5l//h -0 (4.4-b)
Cx

Referring to the previous analysis, we note that the boundary conditions for w” are the
same as for ¢ or the electric potential function in homogeneous layers, and those for *
are the same for 4. or the magnetic potential function. This means that the quantities A,
A,. kv, and ky, associated to the potential functions y* and w" of this case, have dual
properties to the quantities previously defined or named in the foregoing chapters.

In order to solve the PDE equations (4.3). both the potentials and dielectric constant
must be discretized with respect to the x-variable. A two line systems are used for the
full-wave analysis so that the lateral boundary conditions of the potentials are satisfied,
as shown in Fig. 43 for the uniform discretization. Then two different discretized

dielectric constants are then-obtained for each potential function as.

for . £,(x) ——— diag(e (x,)=¢, (4.5-a)

Afor y" g.(x) — diag(s,(x,) = ¢, | (4.5-b)

In general the values of &, at the discretization lines x; (transition) positioned at the
interfaces where dielectric constant changes abruptly, we must take into account, for
reason indicated in [17,18], special considerations gr(x,):(g,(x,')— & (x; ))/2. Thus the
first and the second differential operators with respect to x-direction can be

approximated by finite difference approximation, and may be written as

h C‘lf/ > Dy (46
cXxX
h CV:// s - Dt We (46"b
cX
h:' C ; l{/ N _ [)[[) l//h: _[)hgl//h (46-
CX”
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e = | L ¥ s e D& Dym_piye (46)
cx \ g(x) COx

where y* and " are the column vectors of the discretized potentials, and D is the

difference operator depending on the lateral boundaries. The two PDEs (4.3) can now be

written in a unified form as follows

{—h cpe +k{f£+[i—k?)}‘? =0
dy- -

Where to the matrix quantities P*, & and the vector potential function ¥, have to be

(4.7)

added either a subscript e or A.
In order to decouple the system (4.7), it is necessary to perform a suitable transformation

as

¥ - RY (4.8)

Where ¥ is the transformed column vector of the discretized potential functions, and §

the transformation matrix that is obtained from the following eigenvalue problem

(hk P -¢)R = R2A (4.9)

where A is a diagonal matrix of distinct eigenvalues. To solve eq. (4.9), it is necessary
to replace P* by 1its corresponding values P° and F; Then, this leads then to 4,, A, and

S.. S, The eigenvalue problem becomes

( h> ke De' D - g ) R, = R 4, (4.10-a)

(h*k>D'D-¢ )R, = R 4, (4.10-b)

However, it is possible to split each of the transformations S, and §, into two

independent transformations. Indeed. let

R =TS, (4.11-a)

R, = IR, (4 11-b)
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Then eq. (4.10) becomes

0.8, =S, 4 (4.12-a)
0,8, = 8,4, (4.12-b)
and
0.=¢ 8¢, 6'-¢, (4 13-a)
0,=4,-5, (4.13-b)

where 0=(kh) ‘6, 6=T'DI. 1.=06'6. 8, =T"¢T.% =1'¢,l,

€

The transformation matrices 7, and 7, are the matrices used for homogeneous layers and
S, and §, are supplementary matrices to account for the inhomogeneous (dielectric slab)
layers. Solving the eigenvalue problems of eq. (4.12), the diagonal matrices /:tﬁ, and ih
of real and distinct eigenvalues; and the transformations matrices S, and S, are also

‘derived numerically.

Then, the yielded system of uncoupled ODEs for ‘¥, and ¥, becomes,

[N AEI [ (4.14)
k; dy- ‘

where by, (1) = dl’ag(/(v,e»h/ko) cwith ky, = (;1 von T gﬂ,)k;
The general solution of eq. (4.14) for the i-th component of q{,‘h 1s given by

V) = A coslhy,, v) + B sk, ) (415)
The elimination of the constants 4, and B, leads to the following solution for an

arbitrary layer with thickness d, where 4 and B are its bottom and top interfaces

where

4 i

dy ! — 7@ -,

Ly, | k(’k“‘[a 7} {‘P} (1o
dy :
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-1

a=dia /2— sinh(ky. d))

o]

-1
vy =dia %tanh(/«yl d)) (@.17)

1]

k.
k.= diag(—k:—)

Note that in eq. (4.16), which is similar to eq. (2.15), the superscript v has to be

substituted by either e or # to denote the corresponding potential vector.

4.3-2 Calculations for the field components

The electromagnetic field components are calculated from the potentials y*° and y”
according to eqs. (4.1) and (4.2) After discretization and transformation of the fields 7
- an -/ and approximating the derivatives with respect to x by differential operator , we

' get the transformed field components necessary for the matching on the interfaces

5

E.=-£'0,5% @13
nH, =-0,5"¥, (4.19)
JE. = ——ISh 4 P, -5 0S¥ (4.20)
TR
mH = -1 4 ¥+ 55,9, (4.21)
' ) k, " dy
with 5: e O

E = —'3s| L i\f{,]— PR 2 (4.22)
k, dv

W, - ?ssh(i i@e} A (423)
k, dy
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The corresponding transformation of the field are performed by

I,

RS

H =T

¥ h x

| T

:75\;E__
EI:T,EX;H, Tf—[‘;H_:T

The set of equations (4.15)-(4.21) must be

X

b\' h
€

used for both interfaces A

o I d -
substituting PN g ¥ by means of eq.(4 16), we get -

(4.24)

and B and when

E, ¥ R ¥ 195
I Ak R A il I - A O e (3.23)
E\'B \Pe.4 ed
H, ¥ - ¥ ,
Ugl:—HJ = -0, [~M:l = —(/{h Z‘h)Shlijﬂjl (3.26)
HrB LIJ}H hd
2 .- (04 ¥ ~ —‘P, |
[./._*1} _ S, ky,’ [ Vi h:, P E};I 5's, T 4.27)
A/EB T l{l}m ’ _\PeAJ
H. L[ - a,] |\P, - [y, ] 198Y
’70 [j__;{} — . Sg k._ye_ [ }/c c:, ~LA4J + 0-5vh ‘.h"i (428)
JHB -a, 7. lPeA L~ Aad
For the field corhponent in y-direction
E, - -7, a,7[¥,] K2 4.2
_4 - Z‘,;l 5’Se k},g_ li Ve ¢ Ted | e, Sh -17.4 (4.29)
E}B _ae }/e_‘ _LIJH_ L * At
A, o o[ w] [ TR @
nl|_ = — o5 ky,” ': - + g, Sg - ‘
{H\'B:I ' " _ah }/h_ _LI}’LI_‘ L “ed

After discarding the potentials ‘i{, and ‘i’h by means of eqgs. (4.

25) and (426)

respectively, we finally get a relation between the tangential components in interface A

and interface B.

[JE., ] - , H. -~ . [|E. 3
jv—ﬂ.A — B r]b S;] kyh_ [ yn :1J S] 1 Qh-l o o ;1 "Q -lg{ 7 4} (4 b l)
_/E:BJ a, 7h HxB_j _ExB
[ H, ] L[ - E. ] - H. 3
o e R [ . } s 0% [:* - 5,50, _“} (4.32)
L /H | -a, ¢ E | L s
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For the field component in y-direction

F‘ ] - N = o E f—[ ] 117
_.-‘4 — _ Z,hl Ovzsf k}'z_ /e ¢ ‘sz -1 QK‘IZ; _xA - ,70 \/(‘,‘—re Oh-l _XA (4.)3)
E\B ) | L E\-B - HrB |
A, - L[ - a H E_ ]

0. T _ 38, kv, Vi h:' Shfl Qh-l T | ‘/'g Q;lze e (4.34)
H\B_ __ah }/h HY\‘B E.rBA

Using eq. (4.12) the two systems of equations (4.31) and (4.32) are converted to
H v, «a - JE. ; . . E 414
7, ~J = B4, {/” hJBh |72 s, [/h ﬂfz B, g 00| T 33
_ng qd, \/E:B a, 7, *EXB
—_./[_7.1:4 _ T I "R 2 3 R _/.EH
| = | = S4, S, = -
—/H Ay 7 JE 5 ,

: . » — (4.36)
13 o |~ . ~ 3 a ~ .
[S /ﬂ[/ | ‘}/‘»»S;.IQ;‘EZ—@S; T s 0 || :
. o, 7. J L% » . k|-

Using § 'Q"'=21"'S" derived from eq. (4.12), we finally obtain for the y-field

hy
-

components °

E. - T a, |- [ E H 3
[_JJ — 2‘;1 O‘IASY( /('V 2 }/e eJ A»-'L'——lsve IZ‘( xA } _ 770 gre Qh»l [ x4 (437)

E,l (438

q N Wi _
m[—il = nod‘svh k.yh_ o hJ /‘Ln?l ‘Shrl —XH } - \/:re Qe-lgel:
The equations (4.35) and (4.36) can be collated using the definition of the field vector as

H = 7 [“.jH;i_B} -k _ [ EH,B
a8 T H - ‘48 T _JEH,B

x4 B
and
y_{m o‘?/hJ | }_,_Fzﬁp@ o‘&h} (43
I ~ > 2T~ ~
YeP o Vg a,p g

Analysis of Finline structures with special considerations 12- .



in the form

Aol _ |1 »n || £, (4.40-a)
Hs Y. ) ~L
Where the following abbreviations must hold :

?h = Sh}:hshil . &h = ShahShil (4~4O'b)

Ve =S4 hynShﬂl . ap =8,4 hahShil

v.=Sk y. S a,=Sky aS

o . -
,DUZQKVVIZ'U:(‘O‘EAI&*[Q) . ph:Qhﬁlz'hrl :ih_hrl—lh
p.=p.0p,

with the help of eq. (4.40), which is formally arranged and can in this way, be easily
adapted or used together with the representation given in chapters 2 and 3. As a remark,

we note that the matrices y .-y, are not diagonal matrices as compared to those

previously determined in chapters 2 and 3. T )

4.4 Matching Equations

The wave equlinons are solved separately in -each region of the considered structure,
using appropriate potential functions or directly utilizing the electromagnetic field
components, according to homogeneous/inhomogenuous regions as well as
isotropic/anisotropic dielectric substrates. It is worth also to note that for all chosen
. related potential functions, the electromagnetic field component should coincide with
each other; This means that each electric field component, say Ex, must be aligned with
the same electric field component of its neighbourhood regions. Hence a special care has

to be taken, if the boundary conditions change from region to another.
It has been shown in previous chapters that for a region of thickness d, a relation-shir
between the transformed electromagnetic field components, that are necessary for th.

matching on the interfaces, can be established That is for a region which has a top anc

bottom interfaces denoted respectively by (+) and (-), this relation can be written in a

E. (44)
E
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ykR {k=1,2} are summerized hereafter, from previous calculation, according to each

region properties. First, for an 1sotropic homogeneous region, it is given by

;R _ I:_gd}/h 7h5:| _ ;R _ [_8;1&}1 ah5:| (4.42)
[ ~ : L :,
5}’;, Ve g oq, g g

with the following abbreviations :

;5:\/?,:3 ; {aE} :(L_E’) {ae} (4.42-b)

Ve
In the other hand for the uniaxial anisotropic substrate with homogeneous region, this
relation becomes

e

- -7 57, + 7,0 | = - oa, +@,0
[ . Hi'~ }/e~ Vi Cy.= - /ﬁ{_ e T G (4.43-)
‘ 7.0 +0 v, Ve ad +da, &,
with the following abbreviations
@ =¢ (hered)'a . &, =0a,0-¢,0a,
7L:E (ie+8re1)1ye :/E:_?hé‘_gre?
2 - - - e — 4.43-
ah = ;;, ah(/lh + gre[) l , aH = Oai’ 5 - greah ( b)
}/n:kv /h(zh+8re1) 1 ;/H :Byegr_gre?h
For an 1sotropic inhomogeneous layer, 1t 1s given by
yi= {{”p 07 h} . {Of*’p f Of”} | (444)
Ya P Ve a, p  Og

Where the components of ;kR {k=12} are specified in eq. (4.40-b).
Generally the matrices A, ky, «, y. 0 and T are inherent to each region and depend
upon the number of discretization lines in each region and its associated boundaries.

The relation-ship between the transformed tangential field components at the interfaces
A 1s given by
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—1 -1 =1 —

l:_jH,a} . l:yzl yl_:H: E :I (4.45-a)
—1 = —1 I
H-, Yau oy /E

or 1n shorter form as

—/ —=I

H; = -V E. (4.45-b)
and for the region V at the interface D, the established relation can be written as

—jHw _ v ye ||l Ew (4 46-a)
Ho Y ¥ull-JEw

which can also be written in compacted form as

—] —

H{) =y Ebp (4.46-b)

For the inhomogeneous reglon IV 1t has two interfaces C and D. The connection of the

tangential electromaonetlc field .components at the 1nterfaces C and D are related w1th

— Il - —I —
HC _ Y y: EC (4,47)
- - -1 - -
Ho Yoo on JlEke

Although the regions II and III have also two interfaces each, which are B-C and A-B.

the following reduced form

The relation-ship of the tangential field components for these two regions at their

corresponding interfaces are given by

—1 —1 —U — !
Hi| |y, y. || E1 | (4.48)
—1I - —1II —17 —
Hs V. -Es

—1 —m =il —ul
Hs _ Y V- Es (4.49)
ﬁm ; iu ;]111 B Efu

e
Field matching at the interfaces A, B, C and D has to be done in spatial domain.

At the interfaces A and D, we have
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———

. ———— e

— -

HH

— 0 . 0 o A . M1 (4.50)
E.&l = E; , E:4 = E; y H,\'A = Hl , H:A = H__IA
0 0 Hilm_ / :Hm_
1 -
. 0 . 0 . Hp o H_-Ilgm 451
Ex[) = EiD E:D - E.ED , H\D = Hvl 5 H:D = H__ID
0 0 Hl Hii
MI and M2 are subscripts used in the fields components to describe the metallization
component parts laying along the groove depth. However for the interfaces B and C, the
component of interest are given by
0 0 S5 | (4.52)
Ew=|EY|, Ew=|E"| Hi=|H"| Hpy=|HY
0 0 J2, _—J;B_
0 0 ~J. [Tl (4.53)
w=|EM|, Ee=|E"|, He=| H" |, Ho=| H" 3
0 0 -JZ. S

In the last two equations (4.52) and (4.53) the superscript in the current .J mark the 1St
and 27d conductor at the metallization interface. )

In order to represent the tangential electromagnetic field in spatial domain, equations
(4.45)-(4.49) must be back transformed to the original domain. These inverse
transformations must be performed in the same manner as described in chapters 2 and 3,
and accordix;g to the field subvectors of interest represented in eqs. (4.50)—(4.53).

Collating the subvectors of the field components of the same kind and the same interface

E. ~JjH.
E = H = n, :
-JE., LA,

The tangential electromagnetic field components of the layers / and /I in the original

i according to

(4.54)

domain, after inverse transformation, are given by

H, =y E (4.55)

and

IS 3o
H[)_ -4 ED

Analysis of Finline structures with special considerations 128



However for layers II and IV, the subvector fields relation-ship that are necessary for

the field matching are given in the spatial domain by

{Hﬂ J: [Mff MﬁM E; } (4.57)
A R o
for layer /I, and for layer I} they are given by :
[HJ: {M MM FJ (4.58)
Hy | My MY -E]

In these equations (4.57) and (4.58) M"" { i j=12} are the reduced matrices
i) v 4

obtained by inverse transformation, which are of appropriate size following the
corresponding dimensions of the tangential field components of the field vectors £ and H

at _2ch metallization interface.

From equations (4.54)~(4.58) the following matching field equations are established --

W EL = MY E - MY E) (450

¥ Ep = MY MY (4.59-b)

¥ EY <y ES = MY E| - MY E] (4.59-0
VB MBS = M EY M (4.59-4)

Form eq.(4.59-c), the field £, can be expressed in terms of E} and F' as

El = -M. E. + M. E" (4.60)
where
M., =) At
Moy = (5") " (3" + M%)
It 1s important to note that the inversion of ¥ can be performed analytically.

Substituting now EX of eq.(4.60) into eqs (4.59-a)—(4.59-c), then the following

eigenvalue system ( ¢, as eigenvalue ) is achieved as
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M| -y M), 0 E (4.61)

M M., M_lll M, ., M_[_[-Vf —E"|=0
e M)y G M M -2 || B
or in the form
£}
(Mo () ] [-EL =0 (4.62)
Ep

This system (4.62) possesses a non trivial solution if its determinant vanishes

det{ [M,, (e,)] } = 0 (4.63)

4.5 Numerical results and discussion

The influence of the substrate mounting groove depth wg on the normalised psopagation
constant and characteristic impedance is demonstrated for both unilateral and bilateral
finline structure centred in the waveguide housing. Figure 4.4 shows the normalised
propagation constant &, of the dominant and First higher order odd mode for the groove
depth wg d = 0 and wg d # 0 ( Fig. 4.4-a and Fig. 4.4-b) and the metallization thickness
t d=~0.05. Our results agree well with those published in [11] employing the conservation

of complex power technique.

In these figures, it is observed that when the mounting groove depth is taken into
account, the propagation constant is increased while the cut-off frequency is decreased.
This changes are then due to the dielectric slab part considered in the mounting groove
depth wg. It can be noted that, particularly when the first higher mode starts to propagate
the dominant mode is considerably affected. Moreover, the cut-off frequency of the first
higher order mode, which limits practically the most interesting monomode range, 1s
largely reduced, unlike that of the dominant mode [11]. Then the monomode bandwidth

1s greatly narrowed when the mounting grooves is used.
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Fig. 44 Hybrid-mode and higher order mode versus normalised frequency in unilateral finline

structure with a/d= 7.5 b/d=15 .

The effect of the mounting groove
depth wg on the characteristic
impedance Zc¢ for the unilateral
finline 1s illustrated in Fig. 4.5
The computed results confirm
those published by Mansour and
Macphie [11] It can be observed
that the deviations of the
characteristic impedance from the
ideal case ( wg =0 ) are more
pronounced when the first higher

order mode starts to propagate.

s/d=2.72 . t/d=0.045.(a) wg/d=182 . (b) wg/d=2.27.

b e
(R
500 --- ) -
— - wgd=0
- wg d=1 82
400 - o wgd=22"
30 -
200 s
o |
10C -
Kod
0 e S —
0 01 02 03 04 05

Fig. 4.5 Characteristic impedance versus normalised
frequency in unilateral finline structure with a/d=
7.5.b/d=15 . s/d=2.72 . /d=0.045 : for different groove
depths . wg/d=0. wg/d=1.82 . wg/d=2 27
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Figures 4.6 shows the effect of the groove depth wg on the propagation constant &,

versus the normalised frequency d/Ao for the bilateral finline structure with fixed finite

metal thickness r=0.04.

€ eff w
It 1s observed that for the different b ]
14 - == = |
: - e
groove depths wg d=1.6 ( Fig. 4.6-a b ‘ I
. : Ij,——l,, Py
), wg d=4.8 (Fig. 4 6-b) and wg d-8 15 o
. . z —wgd = 1.6 . hybnd-mode
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Also shown in Fig. 4.7 is the characteristic impedance versus the normalised frequency
d/Xo with various groove depths. It can be noted that only a small deviation between the

results when the groove depth is considered and that when it is neglected.

Ze (€2)
Fig 4.7

wgd=0, td=0

wg d=0. vd=4 13

Characteristic impedance versus
the normalised frequency for the
bilateral finline structure for
various groove depths with : 4o |
a/d= 56.9. b/d=28.45 . s/d=2.72
/d=0.04. ¢,=3 : for different
groove depths : wg/d=0:
wg/d=+4.8 : wg/d=8.

d/ro

300 ‘
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

For practical applications when the unilateral finline structure is used along with active
components, one or both fins are insulated by a gasket which allows a dc voltage to be

developed across the fins.

The dispersion curves of the propagation constant for the so called " isolated finline " are
presented in Fig. 4.8 It is shown in this Figure, the effect of various gasket heights gh d
(&4=11s assumed for the gasket insulation dielectric layer) for different mounting groove
depths wg d and fixed metallization thickness 7 d. on the frequency dependent dominant
mode of isolated unilateral finline structure. It is also observed that, the dispersion
characteristics ¢,, versus the normalised frequency d Ao is greatly influenced when the
insulation gasket 1s used. This influence becomes more important as the insulation
gasket height increases. Moreover , the effective dielectric constant has no cut-off
frequency when insulation gasket is used since the dominant mode propagating at low
frequencies is Quasi-TEM.
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Fig. 438

The effect of gasket insulator on the
dispersion

dielectric constant ¢4 for fixed

metallization thickness
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It 1s observed that the dispersion characteristics of the effective dielectric constant €y

versus the normalised frequency d/Ao is greatly influenced when the dielectric gasket 1s

used.

Figure 4.9 illustrates the effect of using the insulating gasket in a finline structure on the

characteristic impedance. The impedance follows the same behaviour as that of the

effective dielectric constant. It is characterized by low values at low frequencies because

the dominant propagating mode is a quasi-TEM. Whereas for higher frequencies the

impedance becomes higher and closer to that of the ideal structure. This can be

explained by the fact that beyond a certain range of frequencies, the strip conductor

becomes short-circuited to the metallic housing and, hence, behaves as an ideal finline

structure.
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Fig. 4.9 The effect of gasket insulator on the characteristic impedance Zc with fixed metallization
thickness and various goove depths of unilateral finline structure with a/d=6.82 .
b/d=14.1.s/d=182 . t/d=0.023. &=3.75. - (a): wg/d=2.72, - (b)) wg/d=3.64

4.6 Conclusion

The numerical results presented in this chapter which are compared with other published
data provide a further confirmation of the validity of the used technique and show its
simplicity for treating different planar structures. The characterization of finline
structures with more complicated practical configuration are of particular interest, but

the analysis can easily be extended to characterize other E-plane transmission structures

. of similar configurations.

" The unilateral and bilateral finline structures including all important and practical

parameters, such as metallization thickness and groove depth, have been investigated.
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The effect of this realistic parameters have been discussed and show that, at higher
frequencies, the grooves supporting the substrate cannot be neglected and, in addition,
their influence is more significant than the effect of the finite metallization thickness.
Another unilateral finline structure, particularly the " isolated finline " with complicated
configuration necessary in practical applications for active components, was also
analysed. This real structure supports TEM mode and do not have a cut-off frequency as
the ideal finline structure The derived results confirm the practical results predicted by
Meter [2].
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Another unilatera] finline Structure, particularly the " 1solated finline " with complicated

configuration Necessary n practica] applications for active components, was ajsq
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The effect of this realistic parameters have been discussed and show that, at higher

frequencies, the grooves supporting the substrate cannot be neglected and, in addition,

their influence is more significant than the effect of the finite metallization thickness.

Another unilateral finline structure, particularly the " isolated finline " with complicated

configuration necessary in practical applications for active components, was also

analysed. This real structure supports TEM mode and do not have a cut-off frequency as

the ideal finline structure. The derived results confirm the practical results predicted by
Meier [2].
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The effect of this realistic parameters have been discussed and show that, at higher
frequencies, the grooves supporting the substrate cannot be neglected and, in addition,
their influence is more significant than the effect of the finite metallization thickness.

Another unilateral finline structure, particularly the " 1solated finline " with complhicated
configuration necessary in practical applications for active components, was also
analysed. This real structure supports TEM mode and do not have a cut-off frequency as

the ideal finline structure. The derived results confirm the practical results predicted by
Meier [2].
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CONCLUSION

Throughout this investigation, the full-wave analysis of planar and quasi-planar MICs and
MMICs has been used to achieve an accurate characterization dictated by the actual trend
of complex configurations and miniaturization of microwave circuits, leading to a first
time design success with optimized cost and reduced size. The hybrid-mode analysis
covers a wide class of waveguiding structures, ranging from the habitual transmission line
structures to the more intricate ones, such as the multilayer multi-metallization
waveguiding systems, including some realistic geometrical and physical circuit
parameters. ' '
The Method of Lines, 1s the mathematical tool used to solve the associated value problems
for modelling the dispersive properties. of the aforementioned structures. This technique
has proved to be very efficient for the analysis of distributed circuit elements in a
rectangular waveguide. The MoL has distinct properties with respect to some other
techniques. Among them, is that the solution is obtained wititout requiring the choice of
arbitrary functions, the mathematical problem can be easily formulated and the resulting
computer algorithm can be adapted on a personal computer, since only a relatively small
memory space is required.
In the first part of this dissertation, a generalized full-wave approach using the MoL has
been established for the frequency dependent characteirization of multilayer
multiconductor waveguiding structures based on isotropic and/or anisotropic substrates.
‘The resulted algorithm uses the uniform or non uniform discretization approach where
both of them converge always to the right solution. In this way, the exact solution can be
attained easily by extrapolation. In addition, 1t has been found that the non uniform
discretization procedure is advantageous over the uniform approach, since it reduces the
memory space and the computing time as well.
Divers transmission line structures have been analysed using this technique, and good
agreement is obtained between our results and those published n literature., This shows
the reliability of our implemented numerical algorithm and, hence its applicability to the
full range of other planar circuit structures It has been also shown, from the various
- studied planar structures, that when anisotropy is neglected in the computation of the
dispersion characteristics, an error is incurred which increases for higher frequencies:

and/or for larger metalli¢ strip width .
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Besides the determination of frequency dependent characteristics for different planar
microwave structures, this technique allows the determination of relative strip-currents (
Jx and Jz ) slot-fields ( Ex, Ey, Ez, Hx, Hy, Hz ) distribution at the metallic interface. For
a particular choice of the physical dimensions of the transmission line structure, these
distributions depends upon the frequency and the mode number. Moreover, the
distribution of the electromagnetic field components over the entire cross-section of the
waveguiding structure may also be represented in three-dimensional plots.

In the second part of the present work, the MoL is used to treat planar circuit structures
with finite metallization thickness in order to improve the characterization of MIC and
MMIC structures of reduced size and operating at higher frequencies. The numerical
results obtained for some structures using this technique agree with other given published
data. This confirms also the validity of the implemented computer algorithm and its abihity
to analyse other planar structures not yet treated. The numerical results have shown that
the effect of metallization thickness has to be considered if accurate and reliable
dispersion characteristics of MIC and MMIC structures are required.

In the last part, the E-plane quasi-planar transmission line structures have been analysed
with special consideration claimed for'practiéal design purposes. Indeed, in addition to the
finite metallization thickness and the substrate anisotropy, the groove depth and the
insulating dielectric gasket are accounted for in computating of the dispersion
characteristics of the structure under consideration. The effect of the groove depth is more
pronounced for the ﬁnilateral finline than for bilateral finline structure. In addition, it has
been shown that when insulating gasket is introduced with the holding groove depth, the
wave mode propagation in the structure becomes quasi-TEM. The derived results show
also that the structure do not possess a cut-off frequency as the ideal structure. The

obtained results confirms the practical predictions stated by Meier.

Because of the successful numerical results obtained with the developed algorithms using
the presented efficient technique, the implemented programs can be used to elaborate a 2D
field theoritical microwave simulator tool involved in current Computer Aided design
packages of modern MICs and MMICs design.
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