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Abstract

Since their rediscovery by Mackay Neal in 1993 [11], LDPC codes have been an integral
part of the coding field, and by now, they have been in many standards and are suggested for
others. In terms of performance, many practical results have shown that those codes are actually
very performant at rates that are within a fraction of capacity.

In this Master Project report, the general theory of LDPC codes, including construction,
encoding and decoding procedures, is reviewed in the first chapters. In the simulation chapter,
we consider the evaluation of error performance of short to medium length LDPC codes with
BPSK modulation through the binary AGWN channel.

Keywords: BER, Bit-Flipping, Codeword, Coding theory, Decoder, Encoder, Graph,
Message Passing, Parity-Check, Sum-Product, SNR.
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Chapter 1: Introduction

1. Development of information theory

Communication theory deals with the transmission of information from one point
(information Source) to another (destination) through a transmission medium which called “the
channel”. A very generic communication system is shown in figure 1.1.

- Channel —
Information source Destination

Figure 1.1: A basic communication system

When information is transmitted, it is subjected to error that may result from random noise, link
failure, interference... etc., the main quest of information theory is how we can transmit

Information at the highest rate possible with error being as small as possible.

In 1948, Claude Shannon introduced a limit in the transmission rate which he called “the
capacity”; and he proved that as long as we are not transmitting at a rate higher than this
guantity, we can minimize the error in the received message to a level that is as small as we want

by using specific coding schemes [1].

However, Shannon did not provide a way or a specific algorithm to attain this and from that
time on, coding theorists started inventing and optimizing codes that conform with Shannon’s

limit and reach the desired performance.

In essence, Coding is the process of adding redundancy to the message so that if an error
took place in the channel it can be recovered [2], an example of that, is the following (5,1)

repetition code.

Consider that we want to transmit message 110101, the coded message will then take following

form:

111111111100000111110000011111
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We transmit 5 bits for every message bit, so if the destination receives:

00111101010000100111010011110

Using the assumption, there is more correct bits than wrong ones, the decoder can easily
recover the original codeword, omits the redundancy and produces the original message.
However, if there are more erroneous bits than correct ones, we will have a decoding error and

we say that the error correcting capabilities of the code has been reached.

2. Motivation for Coding

To avoid any possible ambiguity, the term coding is used to refer to “channel coding”
which is used before transmission. Another type of coding which is “source coding” is not

considered here.

Ideally speaking, the bit error for a given modulation scheme is uniquely governed by

signal-bit energy per the noise power density ratio % [3]. Mathematically speaking, the
0

probability of error is given by:

P(e) = aerfc (b. i—b) (1.2)

0

With erfc(x) being the complementary error function and a, b real valued constants that

depend on the modulation scheme being applied.

The complementary error function is a decreasing function so by increasing % either by
0

increasing the transmission energy or using specific type of channels that have smaller N, we

can minimize the probability of error in the transmitted message.
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Ideally speaking, this method is totally valid. However, increasing the transmission energy
is equivalent to high costs; besides, not all modulation schemes are power efficient [4], so

changing the type of modulation used can increase the requirements on signal energy.

A second point is that the noise density N, is not a deterministic parameter to quantify

exactly, we can only predict a range for it with some probability of occurrence.

. . . E . .
By using coding, we reduce the requirement on N—b which means less power signal and less
0

hardware cost. Note that the power of the signal is not only a matter of cost, another benefit from
reducing the transmission power is for health considerations, for example without coding, cell
phones would have higher power to transmit the same message we transmit using today’s phones

which may affect brain and body in general [5].

3. The search for good codes

Since the time Shannon has published his paper, codes continued to evolve .in the years

1950-1960 many famous codes have been invented such as hamming [6] and BCH [7] codes.

Those codes are said to be block codes since the coding mechanism was done block by
block. In the year 1962, Robert Gallager invented a type of block codes called low density
parity-check codes [8]. However, they were soon forgotten due to their encoding and decoding

complexity at a time where computational power was not that great compared to now.

the next decade (1970’s) revolutionized the world of coding by introducing convolutional
codes [9] which served as a new way of thinking in coding theory. In 1993 Berrou and Galavieux
introduced a new type of codes called turbo codes [10] which were fast and more performant that
soon were integrated in many applications. In 1997, Mackey and Neal published a paper on a
type of codes that rely on a sparse parity check matrix [11], soon after the publication, the
scientific community recognized that the MN codes are nothing but a rediscovery of the original
LDPC codes proposed by Gallager in 1963 in his PhD thesis, it was shown that these codes were
very performant at rates close to Capacity and it was not long that they got the attention to be

used in application. This work deals with LDPC encoding and decoding.



Chapter 1: Introduction

4. Motivation

The adoption of LDPC codes for error correcting in high rate data communications have
been increasing in recent years such that LDPC along with Turbo codes are the focus of many

standards [12] [20] and the research to optimize them is going too fast.

LDPC codes are generally very lengthy and for complexity reasons the decoders are not
Optimal but iterative with a maximum number of possible iterations. In our case, we are
motivated to study the performance of LDPC codes under many constraints in the AWGN
Channel.

5. Outline of the project

Along with the introduction, the rest of the thesis is organized as follows:
e Chapter 2 provides a general overview on the mathematical concepts that we need to
tackle this subject, with a focus on the structure of finite fields and the preliminaries of

Graph Theory.
e Chapter 3 starts by introducing Shannon’s theorem and the motivation behind Coding
theory, then a formal definition of block codes, from which we focus on linear and cyclic

codes, is given. This chapter ends with a general description of LDPC codes.

e In Chapter 4, A formal treatment of the subject is given, including the definitions, code

representations and construction methods.

e Chapter 5 focuses on the encoding process of LDPC codes from the generator matrix as
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well as linear encoding from the H matrix, In This Chapter, we assume we have

constructed the parity check matrix of the code.

Chapter 6 deals with the decoding side of LDPC codes. Many types of decoders that are

used in practice are presented.

Chapter 7 is a simulation of the performance of a set of LDPC codes through the AWGN
Channel under different conditions.

In the Last Chapter, a summary of what has been done throughout the report is given with
conclusions about each chapter and some threads of future work are suggested.
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1. Introduction

Channel coding is considered as the most important result of information theory, thanks
to it, reliable data transmission over unreliable channels has been made possible.
This later paradoxical fact was shown to be true by Claude Shannon himself [1]. In this

chapter, the main theory and concepts of channel coding are presented.

2. The channel

The channel is the set of media that separate the transmitter from the receiver. Channels
come in a variety of forms radio, wire, optical ..., However, all channels have one thing in

common, the signal undergoes degradation from the transmitter to the receiver [3].

Another view to look at the channel, is to consider it as a logical connection over a
physical circuit [18].and this definition is very important in the analysis of communication
systems. To define the channel from information theory point of view, we need to define

some concepts, let us first consider the following diagram:

_source bits | encoding noisy channel decoding decoded bits

Figure 2.1: a general communication system with channel coding

e Source: the part of transmission system responsible of generating information.

e Alphabet: the set of symbols from which information sequences are created.

e Encoder: this block maps the information sequence into a codeword.

e Decoder: the work of this block is to do the inverse mapping done by the encoder, it

guesses the correct codeword and recovers the original message.

Definition
Given an input and output alphabets I and O respectively, the channel the is mapping

from 1 to O [14].

Note that the decoder and encoder are usually viewed as a part of the channel.



Chapter 2: Channel coding

3. The Channel Capacity
The capacity is the upper bound on the rate at which information can be reliably

transmitted. For a memoryless Channel the capacity is given by [2]:

C = max, I(x,y) (2.1)

Where I(x, y) is the mutual information and p is the symbol distribution of the input of the

Channel.

4. Noise in communication Channels

Noise refers to random and unpredictable signals produced by natural processes, either
internal or external to the system [17]. Noise cannot be totally avoided; it can only be limited
by using low noise equipment, protecting the channel from external distribution or by

providing suitable signals transmission power ...etc.

In theory, noise is modeled as a stochastic process to help understand its behavior and to
construct systems that are less affected by it. The following types of noise are very common
in practice:

e AGWN: additive Gaussian white noise, this noise is caused by random motion of
electrons due to thermal energy, it’s presented in every communication channel.

e Shot noise: shot noise occurs whenever charged particles cross a potential barrier.

5. Noisy Channels

When the message is transmitted through the noisy channel, the destination does not

receive the original message but a distorted one (at least from signal level point of view).

In digital communication, the message is composed of 1’s and 0’s, the decoder chose one

if the voltage of the bit is higher than a predetermined value and zero otherwise, noise affects
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this by changing signal levels, which leads to a corrupt message; when this happens we say an
error in the transmitted message has happened. One way to correct this error is by using
channel coding. Practically, all channels are noisy and according to the type of noise the

channel is modelled. Two important Channel models are:

5.1 The Binary Symmetric Channel (BSC)

The BSC is a channel in which the input and output alphabets are the same [14]. More
specifically, I = 0 = {0,1} ;along with a parameter p called the cross-over probability that
denotes the reliability of the channel in transmitting correctly the information. In other words
each bit is independent from the other bits and has a probability p to be flipped and 1 — p to
be received without error. The term ‘symmetric’ refers to the fact that the input and output

ports are exchangeable. Figure 3.2 Shows the input-output diagram of the BSC Channel.

0 i — ,U7. 0
P
1riii1—p—:¥hl

Figure 2.2: The input-output diagram of the BSC channel

If H(p) is the entropy of the source then, the capacity of the BSC is:

C=1-H(@) (2.2)

5.2 The binary additive white Gaussian noise (AWGN) Channel

Given an input Alphabet I= {0,1}, the binary AWGN maps I into R. The term “additive”
refers to the way this mapping done [17]. Given an input message X, the output of the AWGN

channel isY = x + e Where e is a Gaussian random variable with zero mean an variance 2.
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When dealing with the AWGN the concept of SNR or signal-to-noise ratio is very important

and is defined to be the ratio of the energy per transmitted symbol E's over the noise variance

SNR=2 == (2.3)

No
Another quantity of great importance is the energy per bit which is

This yields to the definition of Signal energy per bit to noise ratio

T @25)
Note that those quantities are usually used in dB
Using those definitions, The AWGN Capacity is given by:
C =Wlog(1+ SNR) (2.6)

With W being the channel bandwidth.

6. Channel coding and Shannon’s theorem

Channel coding refers to the process of adding redundant bits to the transmitted
messages so that if an error happened in the channel, the original message can be recovered

using the added redundancy as Shannon proved in his paper [1].

6.1 Shannon’s theorem

Definition

Consider a channel with capacity C ,let R any positive number with R < C, There exists
always a sequence Cn of r-ary codes with a rate R such that the probability of error tends to 0

as n tends to infinity[2].

Note that The code rate is defined as

R =2t 2.7)
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With M being the number of valid codewords which is equal to the number of message

sequences.

For simplicity, we let k= log,-M, with k being the number of bits per information sequence

and we write

S|x

(2.8)

7. Block codes:

The type of codes in which we are interested, do belong to a family of codes called

block codes.

a. Definition:

Let the finite set S = {sy,s,, ..., s,-} be a code alphabet and let S™ be the set of n-tuples

over S. A nonempty set CSS™ is called an r-ary block code[14].

Remarks:

e Usually S is a finite field, more specifically, an extension of the binary field.
e If Sisafield then S™ is the nth extention of S or it is the vector space of dimension n

over S.

e The n-tuples of C are called codewords

There are codes that belong to this family and are very important in practice which are
linear and cyclic codes. LDPC codes which are the main topic of this project are linear block

codes.

10
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8. Linear block codes

A code L € S™is a linear code if and only if L is a subspace of S™. The term linear comes
From the fact that the sum of any two codeword is a valid codeword. The fact that linear bock

codes are linear mappings gives us the ability to represent them by matrices [14].

8.1 Generator matrix

Let L be an (n, k) linear block code, a k x n matrix G whose row vectors form a basis for
L is called the generator matrix for L [14]. In other words, given the information space S* we

can write

L={c=1iGlieS¥}. (2.9)

Remarks:

e |f the codeword is in the form of ¢ = (i,xp) wherex,, is the redundant (parity-

check) vector, we say the coding is systematic and the corresponding generator matrix
will take the form, G =[1I, P] with I, being the kxk identity matrix and P a

k x(n — k) matrix.

To illustrate this, let us consider the generator matrix of the (7, 4) hamming code:

(2.10)

o O R
cor o
o oo
mROo OO
(N
_ O R =
OR R

In this code, the information vector belongs to the vector space V= {0,1}* which is the
fourth extension of the binary field. To show how encoding is done let us randomly choose

an information vector and find the corresponding codeword.

11
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Suppose i= 0101, then

1000111
0100011

—[0101 —[011011 211

c=l0101]1y 5 1 o 1 o p|70110110] (2.11)
0001110

The generator matrix is used to encode the information bits into codewords. Another
matrix that is used to check if the received word is indeed the transmitted one, is called the
parity check matrix.

8.2 Parity-check matrix

Given an (n, k) linear block code L, we call the (n — k) X n matrix H whose null

space is C [14] , the parity check matrix and we write

C={ceS" c.HT =07} (2.12)

The following matrix is the parity check matrix for the hamming code (7,4)
1 01 1100
H=(1 1 0 1 0 1 0 (2.13)
1110 0 0 1
The H matrix in this example is in systematic form, strictly speaking, a parity-check

matrix H is said to be in systematic form if

H=[PT L | (2.14)
Remarks:

e The linear system of equations that results from c. HT, are called parity check

equations.

12
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e A codeword is valid if the linear system is homogenous .i.e. c. HT = 0
e Erroris modeled as a vector suchthate = {ee S™ |e & C}

e The receiver receives the vector rsuchthatr = c + e

e Thevector S = r.HT is called the syndrome vector.

e the syndrome vector may be further simplified.

S=XH'=C.H" +e.HT = e.HT (2.16)

The generator and parity check matrices are orthogonal.

There are types of decoders that use the syndrome vectors to decide on the valid code
word and are usually called syndrome decoders. However, not all decoders use the syndrome
to decide on the codeword, there some of them that make use of the parity check equations

directly like flip decoders as we are going to see later in LDPC decoding.

9. Cyclic codes

Definition:

A linear code c is called cyclic if and only if the following statement is valid [2]

[(co,€1,€C2y ey Cn1)EC = (Cp1,Coy +er» Cn—z) €C] (2.17)

9.1 Polynomial representation of cyclic codes

If we represent the codewords as polynomials in F,[x], then a code L is cyclic if and only if

Lisan ideal in FZ/xn_1[x] [2].
In other words:

e ifcisanidealin Fz/xn_1[x]

Then C=co+ X+ Cx?+ -+ cpogx™t? (2.18)

13
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e Forany codeword c(x), x.c(x) is also a codeword.

e The codeword ¢’ = x’. c is ¢ shifted by i mod(n) to the right.

9.2 The generator polynomial of a cyclic code

Definition
Let C be a cyclic code of length n, There exists a unique monic polynomial of minimum

degree in C called the generator polynomial denoted g (x) and this polynomial generates C[19].
Properties of the generator polynomial

e gx"—-1
e Degree(g) + Dim(C)=n
* go+0

Given
g@x) =x" + gr_1x" T g X" + go (2.19)

The generator matrix G can be constructed by shift-cycling the vector

(901 gv - 9r-2,9r-1 1101x(n—r+1)) (220)
[ 9o 91 G2 - 1 0 O 0 ]
0 go 91 92 1 0 .. 0
G=lo 0o 9o 91 92 1 0 : | (2.21)
[ 0 0 0 90 91 92 1
Given an information polynomial
i(x) =ig+ipx+ix%+ -+ ip_qx*?! (2.22)
The Corresponding code word is easily obtained by a simple multiplication
c(x) = i(x)g(x) (2.23)

14
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9.3 The check polynomial of a cyclic code

The check polynomial h(x) is a polynomial that satisfies the following[19]:

{g (h(x) =x" -1 over F,[x]

g()h(x) = 0 over Fy . n_,[x] (2.24)

Since
c(x) = i(x)g(x) (2.25)

Then
cCOR(X) = i) g(Oh(x) = 0 (2.26)

Which means that the check polynomial h(x), is equivalent to the H matrix in matrix
representation.

The following polynomials are also important:

e The error polynomial e(x) defined as:

e(x) =r(x) —c(x) (2.27)

With r(x) being the received vector.
e The syndrome polynomial s(x) defined as:

s(x) =r(x)h(x) = e(x)h(x) (2.28)

The syndrome and error vectors are used for the same reasons as their counterparts in
Matrix representations.

15



Chapter 2: Channel coding

10.LDPC Codes

LDPC Codes are linear block codes with the constraint on H to be sparse. The sparsity of H
helps in reducing the complexity of the encoding and decoding process since the zero entries
of the parity check matrix are neglected in multiplication and addition. Despite the fact that
they have been discovered 53 years ago, it is only recently that the they got the attention they

deserve.

11.Summary

Information is sent from a transmitter to a receiver through a channel. Practically,

this latter is always noisy which may distort the message.

One way to solve this problem is to use channel coding, which is the process by
which the transmitted information can be recovered from an output of a noisy Channel by

adding extra information in the form of check bits.

Codes come in different types, for our case the focus was on linear and cyclic block
codes, due to their importance to our work. The chapter ends by a qualitative presentation
of LDPC codes that serves as an introduction to a quantitative treatment of the subject in

the next chapter.

16
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1. Introduction

Low density parity check codes are forward error correction linear block codes that were
first proposed by Gallager in his PhD thesis [8] in1962 at MIT but they remained ignored and

deemed inefficient because of their computational demands that were impractical at that time.

As technology advanced, the need for near Shannon limit error performance was highly
required, Mackay and Neal [11] rediscovered the original Gallager's LDPC codes and showed
that they perform well at rates very close to the capacity and from that time on more

modifications and enhancements were made .

Recently LDPC codes have drawn much attention and they are used in many
standardization activities such as: IEEE 802.11n and 802.16e, ETSI DVBs and T6nSynC [20]. In

this chapter, the basic terminology and concepts concerning LDPC are presented.

2. Low Density Parity Check codes

A Low Density Parity Check code is a class of linear block codes with a parity check
matrix H that have the quality of being sparse i.e. H has only a very few non-zero entries.
Formally H is sparse if it has O(n) non-zero elements [21].

Aside from the fact that LDPC codes’ parity check matrix is sparse, LDPC themselves are
no different than any other block codes. Indeed, all the algorithms developed for LDPC can be

used with other linear block codes if they can be represented by a sparse H.

We will see later in the thesis that the biggest difference between LDPC codes and other

block codes is how they are decoded.

3. LDPC representation

3.1 matrix representation

We have already mentioned that LDPC codes are nothing but linear block codes with a

17
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Sparse H, so LDPC codes are represented by a parity check matrix H from which the
decoding (as well as the encoding) takes place. The H matrix provides us with the needed
parity check equations whose results form the entries of the syndrome vector that is used in
the decoding.

3.2 Tanner graph representation

Aside from this matrix form, LDPC codes are often represented in graphical form using
Tanner graphs, this type of representation is so useful specially in message-passing decoding
algorithms as we are going to see in the upcoming chapters.

Definition

A Tanner [22] graph is a bipartite graph i.e. it is composed of two sets of vertices: n
vertices for the codeword bits called (bit nodes) and m ones for the parity check equations called
check codes. Note that bit nodes are called sometimes message or variable nodes and check

nodes are termed constrained nodes.

The graph is drawn such that an edge joins a bit node to a check node if and only if that bit
is included in the corresponding parity check equation.
The following graph of figure 3.1 Corresponds to the parity check matrix of the (7,4)

hamming code.

Chack Nades

Variable Nodes

Figure 3.1: Tanner Graph of the (7, 4) hamming code.

18
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Note that for systematic codes, we can have the message-bit and the parity bit separated.

From the above definition we can clearly note that the number of edges is equal to the number

of ones in the PCM. The following terminology is important in graph theory.

e The cycle: a sequence of connected vertices which starts and ends at the same vertex in

the graph and which contain other vertices no more than one.

e The length of the cycle: the number of edges contained in the cycle.

e The girth: the size of the smallest cycle.

e The degree number of edges.

4. Construction of LDPC codes

The construction of LDPC codes is equivalent to the creation of a matrix H with only a

Few entries are made ones and the rest zeros, depending on the way the matrix is created an

LDPC code might be regular or irregular.

4.1 Regular LDPC codes

An LDPC code is said to be regular if the row weight W,. and the Column weight W,

are constant throughout all the rows and columns of the parity check matrix [8]. Another way

to define regularity, is that each code bit is contained in a fixed number of parity check

equations and each parity check equation contains a fixed number of code bits.

A consequence of definition is that

N=mW, =nW,
Where N is the total number of ones in H.

An important parameter when talking about codes is the code rate

k n-m m Wc

R =
n

The definition of regular LDPC codes can be also formulated in terms of Tanner graph.

(3.1)

(3.2)

19
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A regular LDPC code is the one in which the number of edges emanating from each check
node is the same in all the check nodes, we call this number the degree of the check node

(Wc). The same is said about the bit nodes.

4.2 Irregular LDPC codes

An irregular LDPC code is an LDPC code that is not regular. In other words, an LDPC
code is said to be irregular, if at least one of the two, the degree of the check node W or the

degree of the bit node W, are not constant throughout all the nodes.

The fact that an LDPC code is irregular, makes the equation (4.1) useless since at least
one of Wcor Wr is not constant. To go round this problem, a new set of descriptors [34] is

introduced, the bit node and check node distributions, defined respectively as:

A(x) = XM 4. x ) (3.3)
P(x) = Qemaxpj xi=1 (3.4)

e  Where Wrmax and Wcmax are the maximum bit nodes and check nodes degrees.
e Jj is the fraction of all edges emanating from variable nodes of degree j.

e Pjis the fraction of all edges emanating from check nodes of weight i.

Note that an irregular code is totally specified by the two degree distributions and the
dimension of the parity check matrix.

Based on equation (4.3) and equation (4.4),
XA =Pj=1 (3.5)
The code rate of this type of LDPC codes is then given:

P i p@)ax

R=1 . =
Z}/U/j) jol A00).dx

(3.6)

Since we have formally defined the two types of codes, let take a look at the methods

used for their construction.

20
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4.3 GALAGER’s LDPC codes

This type of LDPC codes are defined by a parity check matrix that is banded, the

algorithm for Construction is given as follows [8]:

Determine the dimension of your parity check matrix
. Set the desired weights W ¢ and Wr and make sure that M /Wc is integer

1

2

3. Divide it into sub matrices each having M /W ¢ rows

4. Inthe firstsetof rowslet1 <i < % (the i"" row has nonzero entries in the

[(i -1). Wr +1]™ column up to i. Wr ™ column.

5. The other sub-matrices are created by permuting the columns of the first sub- matrix.

Since this codes are not totally random, they are called pseudo-random. Note that when
we talk about LDPC codes, we usually talk about the ensemble since setting Wc and Wr will
lead to many possibilities of LDPC codes all having the same degree. In literature We call
them the (Wc, Wr) ensemble of LDPC codes.

4.4 MacKay and NEAL regular LDPC codes

MacKay and Neal [11] have proposed a way to construct (almost) regular LDPC codes.
Unlike Gallagher’s, the MN LDPC codes are constructed columnwise. In this method, H is
created by generating weight Wc¢ Columns and making sure to obtain an (almost) uniform
row weight.

The algorithm of construction is described as follows:

1. Start adding wc columns from left to right with the non-zero entries in each
column are chosen randomly.

2. If at any point some rows are still unfulfilled (Wr is not uniform), it can be
corrected in the next columns to be added, if not possible the process can be back
tracked so that Wr is as uniform as possible.

The method is usually designed with short cycles (4-cycles) being avoided by check in
Each pair of columns in H to make sure they don’t overlap in two places. The reason
4-cycles are avoided is because they will degrade the performance of iterative decoding

Algorithms.
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4.5 Random construction

Up to now, the codes that were generated are considered pseudo-random, “random”
because we can’t know a priori the LDPC code we are going to get at the end of the construction
process and the prefix “pseudo” refers to the fact that it’s not purely random.

The construction of random codes [23] involves the following steps:
1. We set the number of variables and check nodes, we call them the “sockets “in the
sense that the edges will enter them later.
2. A random interleaver is generated and the connection between the two sockets is
made.

3. We check that multiple edges between nodes are non-existent.

4.6 Progressive Edge Growth Algorithm

PEG [24] is a graph construction algorithm which proceeds by placing edges of the graph one by
one with the constraint that no cycle is created or that cycles are created with the maximum
length possible, and it focuses on maximizing the girth locally without considering the final girth
of the graph.

The algorithm works such that, for each bit node b;, w.-check nodes are connected to it,

and if the graph is constructed so that x-cycles avoided then the check nodes chosen to join the

bit node are the ones with the least degree at a distance g or more edges away.

More specifically, the algorithm follows the following steps:

1. Start with a variable node, we call it the “root” and attach to it all the check nodes
with edges connecting to it to form the first level of the global tree.

2. In the second level of the tree, we attach all the variable nodes of the first level
excluding the root variable node.

3. The algorithm proceeds and if a node already exists in the tree it is excluded from
the new level till one of the two outcomes take place,
- The expansion at a given level is done and no check nodes are available.
- On the completion of an expansion level, all the check nodes are already

contained on the graph.
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If the graph ends with the first outcome, then it will be acyclic. However, the second case

produces cycles, but they will be cycles of the greatest length possible.

4.7 Structured LDPC codes

4.7.1 Quasi-Cyclic LDPC codes

Quasi-cyclic LDPC codes come with different versions, but the general structure is that
H is made of several sub-matrices that are either the zero matrix or right-cyclic shifts of the
identity matrix by a given amount [25].

The structured MxN QC-LDPC matrix is constructed as follows:

Hy;  Hip o Hyyr
g=|Hfar Hao o Mo (3.6)
Hyry  Hyrg oo Hyry

Note that if the sub matrices are of size UxV then M = M’U and N = N’V

QC-LDPC codes are very useful in practice for many considerations, like reduced storage
requirements and low-complexity encoder and decoder implementations.

Note that QC construction method is usually combined with the PEG [36].

4.7.2 Repeat Accumulate LDPC codes

Repeat Accumulate LDPC codes are LDPC codes with a parity check matrix of the
form:
H =[H;, H,] (3.7)

With H, being simply the dual-diagonal matrix

1 o0 0 .. 0]
|1 1 0 .. O|
H,=l0 1 =~ 1 : (3.8)
[s : 1 oJ
0 0 1 1
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H; in the other side is constructed column by column using a repetition code that is the
output of a sequential encoder and depending on the type of this encoder it may be regular
[20] or irregular [21].

5. Encoding
Definition:

Encoding deals with the creation of the codeword set that corresponds to the constructed
parity check matrix, two common methods of encoding LDPC codes are:

5.1 Encoding using systematic generator matrix

We have already defined the generator matrix for linear block codes in the previous
chapter. Since LDPC are themselves linear block codes, one way to perform encoding is to

exploit the relation between the H and the G.

The algorithm of encoding in this method is as follows:

e Construct your sparse m = n parity check matrix H using the construction methods
stated in the previous chapter.

e Using elementary row operation defined over GF (2), we bring H into systematic form

H=[P"Iy] (3.9)

If row operations are not enough, one can also use column permutations to ensure
systematic form. However, the corresponding codewords will be permuted versions of the

original ones .

One way to keep track of the permutation, is to apply the inverse permutation before the

codewords are transmitted.
e G can be obtained from H as
G = [IxP] (3.10)
e Using G and a set of information vectors of size k, the set of valid codewords is as
follows:

C ={ce{0,1}*"| c =i.G, iel} (3.11)
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Notes

For LDPC codes, H is a sparse matrix as we have seen earlier; it would be favorable to
obtain a sparse G as well. However, in most cases this is not the case so as n gets bigger, this
type of encoding becomes impractical due to the time complexity of the encoding algorithm

which it’s clearly 0(n?) .

When we compare algorithms for performance, we prefer those which have linear time
complexity 0(n), what we mean by linear time complexity, is that the number of operations

performed by the algorithms grows linearly with the code length.

Richardson and Urbanke have created such an algorithm for encoding which we going

to investigate now.
5.2RU encoding algorithm

In their work [21], Richardson and Urbanke have provided a way to encode LDPC codes
in (almost) linear time, they went ahead and shown that if an ensemble has a degree
distribution for which we can encode in linear time, the performance of such an ensemble will

be good under message passing decoding.
The idea of the algorithm is as follows:

To encode in linear time, you need a sparse matrix but G is usually not sparse and have a
quadratic complexity. So if one can use the sparse PCM H to encode directly, we can encode

in linear time and that what they have done exactly.

The RU encoding method has three steps:

1. Givenan m = n sparse matrix, we use only row and column permutations to make

our matrix takes the form

H:(‘(‘:1 g g) (3.12)
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With the sub matrices being:

Al m—-—g=xk D=gx*g
B: m—-g=x*g E=gxm-—g
(3.13)
C. g=*k T=m—-gsm-—g
Notes

e The sparsity of H is not affected at this stage since we have just rearranged the entries.

In this form T is a triangular matrix and we say that the matrix H is an approximate lower
triangular form.

e g is called the gap of the parity check matrix H

Note that if the gap is zero the encoding is done simply by back substitution.

2. After that form is obtained, we multiply H by the following matrix:

I 0
(_ET“L ; ) (3.14)
g
This yields,
A B T
(—ET‘lA +c¢ —ET'B+D O) (3.15)

Now put the code word in the following systematic form

x = (Xs Xp1 Xp2) (3.16)

e x,:the information vector of length s.
e X, parity vector of Length g.

®  Xp,: parity vector of Length m-g.

Since we multiply by an invertible matrix the code remains equivalent to the original one.

Hence,
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In_g O .
(—ET‘l Ig).H.x =0 (3.17)

The resulting linear system of equation is:

Ags' + By + Topy' =07 (3.18)
(—ET7* A+ O)x," + (=ET"'B+D)x",, =0T (3.19)
Let ®=—-ET"'B+D (3.20)
IF @ is invertible then
Xp1! = =P H(—ET T4+ C)x," (3.21)
Txy,' = —AxsT — Bxy,” (3.22)

3. From equation (1) we obtain x,;.

4. Plugging in the second and by back substitution (no need to calculate 771 ) x,,, is

obtained.

We have done the steps under the assumption that @ invertible, if it is not, we permute
columns from the left of parity check matrix into @ so to make @ invertible However if this is
not possible, it means H is not a full rank matrix. Practically, the possibility of this happening
decreases as of the block length increases [21].

We have said that it is a (almost) linear time encoding. To verify this, one has to
evaluate the complexity of the computation involved in the process.

To arrive to the linear encoding, we need to be smart in making the calculations for

example in (5.13), the following matrix multiplication:
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—@~Y(ET A+ C) gives 0(g * (n —m)) (3.23)

However, if we follow the steps as given in the tables [21] to follow, we will end up

by a total complexity of O(n + g?)

Table 3.1 steps involved calculating x,,¢

Operation Comment Complexity
Ax," Multiplication by sparse 0(n)
matrix
T'[Ax,"] T Ax," |=y"=>[Ax,"]=Ty" 0(n)
—E[T~Ax,"] Multiplication by sparse 0(n)
matrix.
Cx,” Multiplication by sparse 0(n)
matrix.
[-ET1Ax,"] + [Cx,"] addition 0(n)
—go‘l[—ET‘leSTT + Cx,T]| Multiplication by dense g * g 0(g?)
matrix.

Table 3.2 Steps involved in calculating x,,

Operation Comment
Ax,T Multiplication by sparse matrix 0(n)
Blx,:"] Multiplication by sparse matrix 0(n)
[Ax;"] + [Bx,;,"] Addition 0(n)
—T7YAx," + Bx,,T| |yT = T ![Ax,” + Bx,,"| 0(n)
Ty" = Ax," + Bx,,"]

This method of encoding yields a time complexity as long as g is small and does not exceedv/n.
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6. Decoding

Decoding is the inverse operation of encoding, there are many types of decoding
from which we mention the following.

6.1ML decoding

Like any other block codes, LDPC codes can be decoded using maximum likelihood
decoding [14]. Given a received vector, the decoder will compare this vector to each one of
the valid code word and chose the most one as being transmitted.

C; =minw(C; +71) (3.24)

w refers to the hamming weight, which is defined as the number of non-zero entries in the
codeword. In this method, we have an exponential number of codewords to compare with,

which means exponential time complexity. This algorithm is not common in practice.

6.2Bit- Flipping decoder

In this type of decoding, if the parity check equations for a given received codeword
are not satisfied, one or more bits of the codeword are flipped according to some
predetermined order and criteria so that we arrive to a valid codeword (valid but not

necessarily correct). In the flipping decoders the main questions to address are:

e How to decide a bit should be flipped.

o In which order bits are considered.

There are many bit flipping algorithms from which we present the following:

6.3 Gallagher’s Bit-Flipping decoder

Gallager’s Bit Flipping decoder [8] was introduced in 1962, and it is the simplest of all
LDPC BF decoders.

The algorithm for the decoder is as follows:
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a. Let K be a constant.

b. Count the number of unsatisfied parity check equations in which the first bit is
involved (“first” is according to the decoder and not to the codeword). If the number
is greater or equal K flip the bit.

c. We proceed through the other bits until the maximum number of iterations is attained
or all the parity check equations are satisfied.

6.4 Weighted Bit-Flipping decoder (WBF)

WBEF starts by finding the most reliable message node included in each individual
check. Reliability of a message is based in its soft value [28].
The algorithm proceeds as follow:
a. The received codeword r is multiplied by H” to get the syndrome vector.
S =(5,52 .,5) (3.25)
b. To find the lowest magnitude of all messages node included in the mt"check.

Y, ™" = min y(n)|ne N(m) (3.26)
c. Calculate E,, such that

E, = ZmeM(n)(ZSm - 1). Ymmin
(3.27)

d. Flip the bit in r that has the highest E,

Note that E,, is used to decide if the bit at position n in the m*" check should be
flipped or not. This kind of weighted Bit-Flipping decoders uses only the information
available in the check node to make decision. An improved version of the WBF decoder
makes use of the message node information [29]. This time, the error term takes the

following value

E, =X(2S,, — 1.Y™"  —q|Y,| ,meM(n)
(3.28)

We can write,
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Eiwwsr = Ewpr — .| Yy
(3.29)

This equation means that if |Y,,| is high enough, it demonstrates some confidence that it is
might be true.
a>0 is a parameter chosen separately and found experimentally for best error

performance.

6.5 Boot-Strapped Weighted Bit-Flipping decoder

The Boot Strapped Weighted Bit-Flipping decoder [30] is just a modification of the

WBF by introducing a condition to evaluate nodes if reliable or not.

Let 6 be a positive parameter to denote the threshold of reliability. Using this parameter, we

have the following constraints:

e The soft values y;for which y;< § are deemed unreliable and the rest are reliable.

e A check node is reliable if all its neighbors are reliable and unreliable otherwise.
After the classification is made, the unreliable nodes are then re-initialized as:

Vi 2 ¥i + Xjenemyj=min [y [jengmyj= Sgn(y;)
(3.30)

With Sgn(x) is the Signum function.

Here, we are using the information stored in the other variable during the check m. we will

recognize later that this step in nothing but one iteration in the sum-product decoder.

6.6 Gradient-Descent Bit Flipping decoders

The Gradient Descent Bit-Flipping algorithm [31] tries to maximize the correlation
between the received word and the decoded vector.

In this type of decoders, we assume the alphabet is {—1,1}, and we define an objective

function (x) :
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f0) = X xiyi + Xz [iew g, Xi (3.31)

The first part of the function is the correlation of the current decoded codeword and the

soft channel values y;; the second term is used to account for the satisfied parity checks.
if all of them are satisfied, it takes the value m and if none of them is satisfied it takes —m.

Our goal is to maximize f or minimize —f, the algorithm then proceeds as follow:

a. Find the partial derivative of f with respect to x;
7]
a_xlf(x): yl+2aEN1 H]EN(a)\l xl (3.32)

b. Use first order approximation of f in the x;-coordinate
d
foerxpes,.xny= OO+ S = f(X) (3.33)

e The step ‘s’ in chosen such that

d
S s f(x)>0 (3.34)
c. Define
d

Ei=x; o fO) =xi.y; + Xaen) Hjen(a) % (3.35)

Flip the bit that has smallest E; .

Note that one can define
a

El-=—xl- a—xlf(x) (336)

d. Flip the bit with the greatest E;.

6.7Message passing decoding

Message passing decoders [2] [32] [33] are similar to Bit-Flipping decoders in the sense
that both of them are iterative. However, this time the values sent to each node of the Tanner

graph are probabilistic.
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In literature, message passing decoders come with many names, sometimes they are
called “Belief-propagation” decoders that stems from the fact that messages are probabilities
or the “sum-product” decoders to refer to the iterations of the algorithm that are nothing but

sums of products of beliefs.

The MP algorithm in best explained in Tanner graph, more specifically, given a Tanner
graph with m chock nodes and n variable nodes, we look at those nodes as being processors

that produce beliefs or messages that propagate along the edges of graph.

Those beliefs get updated till a valid codeword is obtained or the maximum number of

iterations is reached.
Before stating the different steps of the algorithm, we introduce some notations.
Given a Tanner graph with m check nodes and n variable nodes:

N(m): the set of variables nodes in the graph connected to a check node m with

n=12,..,N
M(n): the set of check nodes of the graph connected to a variable node n with
m=12,..,.M

N(m)/n: the neighbors of check node m excluding n.
M (n)/m: the neighbors of variable node n excluding m.

The probabilities involved in the algorithm are defined as follows:

fiin = P(tn =x) With fa+ f 2=1 (3.37)

e. gy, = Probability that a variable node n equals x given that messages are sent from
all nodes except for m.
f. r%,= Probability that the m*" parity check equation is satisfied with the n*"* variable

node being x.

Note that g;,, and n;, are called extrinsic information since they exclude the node to
which information is sent. The algorithm works by updating them at each iteration till a valid

code word is obtained or the iteration process ends.
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Usually, the algorithm is implemented in the log-domain; however; we are going to

present first the probability-domain version for the sake of completeness.
6.8 The probability-domain MP algorithm
a. Initialization

vme {1,2....M} and vne {1,2 .... N} (3.38)
(@mn = f A Gmn = fi1)

b. Iterative step

o Let5qmn= g%, - g, , exclude nodes that have no edges connecting them
o Let 6Tmn = Ilne Nm 8T mn’ (3.39)

e Update check-to-bit
= (1 + (=1) 8. STinm ) (3.40)

e Update bit-to-check
q;fm: Tmn fn Hm'e Nmy/n Srmrn (3-41)
e Update the a posteriori probability g;; using

qr)i: an lex Hm'e Nm 6rm’n (342)

e Note that a,,, and «,, are constraint factors to make sure that

qmn * qmn =1 and qn+qn =1 (3.43)

c. Decision

{£n=1 if g > 0.5 (3.44)
£, =0 '

if g2 > 0.5

e Compute HT £
e If HT.X=0 stopand forward % as the valid codeword. Else, if the maximum
number of iterations is reached.
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e stop and state that the maximum of possible iterations has been reached and

forward X as the code word Else returnto 1.

6.9 The log-domain SPA

Hence,

Usually the SPA is used in the log domain which works by replacing the probabilities

with log-likelihood ratios (LLR) The LLR is defined as follows:

Pp(x=0
L(x) = log—prgzli

The log here is assumed to be natural, if it is not the case, a scaling parameter is

introduced.

To keep track of the previous notation let:

0 _ o . g = n o = mn
L(n)=log 5 ; Amn=log (2= i 2,=l0g & | Apy=log 2

Using the expressions of rd, and rk, , we can write :

1+ I—[n'E N(m)/n(q‘?nnl - ernnl)

A= log

1- Hn'E N(m)/n(Q‘?nnl - q}nnl)

Amn =2tanh™? (l_[n’e N(m)/n(q;)nnr - q}nnl))

This may be further simplified to give:

Amns
Appn=2tanh™! (Hn'e Nmy/n tanh 2 >

We have also

0
A = log -nn

dmn

o o
Amn‘ log f_z +Zm'€ N(n)/m log I1n .

I'msm

Amn:Ln"' Zme N(n) Amn

Using these parameters, the algorithm is defined as follows:

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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a. Initialization
e For all variable nodes n and check nodes m find:

Amn=Ln (3.53)
L,, Depends on the channel being used for transmission

b. Iteration —step

e check-to-bit update

A= 2 tan b (Tine vy Amim ) (3.54)

e bit-to-check update
A =Lt Tve Ny A (3.55)
Ann=Ln* Tine Ny A (3.56)

c. Decision

{fnz 1 if 4,>0

£,=0 if A4,<0 (3.57)

If HT.Zx =0 or the maximum number of iterations or the maximum number of iterations

is reached, the program stops. Otherwise it returns to 2.
Notes

In the fourth chapter, we have said that 4-cycles are not desirable and codes are usually
optimized to have as minimum 4-cycles as possible because they exhaust the iteration

process.

Summary

LDPC codes are linear block codes with a sparse parity check matrix, and depending on the
way the row and column weights are distributed, an LDPC code might be regular or irregular.

Aside from the matrix representation, LDPC codes are usually described using Tanner
graphs. The reason behind this is to be able to employ data structures algorithms to perform

iterations that are based on graph theory.
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LDPC codes are constructed using many methods some of which are matrix based like
Gallager and Mackay-Neal methods or graph based like the progressive edge growth
algorithm. After the code is constructed, the next step is to design the encoder which may be
done

using many methods. One of them is by using the G-matrix. however, the G matrix is not
necessarily sparse which leads to complex encoding procedure. Richardson and Urbanke have
developed a linear time encoding method that uses the H matrix directly without computing
the generator matrix. In the next chapter we will look at the opposite i.e. decoding LDPC

codes.

Decoding LDPC codes is performed using Bit-flipping and Message passing decoders,

with the last being preferred, since it is based on the belief or probability of each node.

Despite their optimality from the error-correction’s point of view, ML decoders are not
used in practice due to their exponential complexity, so the choice of the decoders is a

tradeoff between error-performance and time-complexity.

The next chapter is a simulation of some LDPC codes under different constraints.
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1. Introduction

In this chapter, a set of different LDPC codes in terms of length and construction, were
chosen to simulate their performance through the binary AGWN channel with BPSK
modulation under many constraints. An important issue to point out to, is that very long

codes are excluded due to their considerably long execution time in the available machines.

The code was written in MATLAB 2011b and 2014b and two computers with intel i3

and i5 processors respectively, were used to run the simulation.

2. Procedure of Simulation

The parity check matrices are constructed and used to encode the message sequences

to form a set of codewords to be transmitted. The coded bits are then, modulated using
BPSK modulation and sent through a binary Additive Gaussian White Noise (AWGN)

channel.

A BPSK modulator receives the noised vector, demodulates it, and passes it to the

decoder that makes decision about the correct codeword and produces the message.

The average BER is calculated for many values of SNR and used as a criterion for

evaluation.

The following table contains the LDPC codes used throughout our simulation.

Table 4.1: LDPC codes used in the simulation

H H1 H2 H3 H4 H5 H6 H7
m 128 128 128 128 512 2048 3072
n 256 256 256 256 1024 4096 4096
Rate Yo Yo Yo Yo Y2 Yo Ya
Rank 128 128 128 128 512 2048 3072
Method of PEG Gallagher’s | Mackay | QC-PEG | PEG PEG PEG
construction Method Neal
Girth 16 4 6 16 16 16 16
Encoding G- G-encoding | G- G- G- G- G-
Procedure encoding encoding | encoding | encoding | encoding encoding
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The simulation was divided into many stages where different aspects of the codes were
investigated and BER versus SNR graphs were sketched.

For the sake of clarity, before going through the simulation, some definitions are
reviewed as follows:

The girth of the graph: The length of the largest cycle.

The Bit-Error-Rate (BER): The number of bits in error divided by the total number of
transmitted bits.

3. The Simulation results

3.1 Performance with respect to the code length:

In this step, the goal was to evaluate the performance of the code with respect to the code

length; so, we had set the following criteria:

e All the codes are of the same rate, which was set to be %2
e The construction method is PEG for all the codes

e The received codewords are decoded using the sum-product decoder
From table, H1, H5, H6 were chosen for this step
The data used for encoding and decoding is shown in the following table:

Table 4.2: the decoding data

Number of sent messages 1000
The ‘0’ probabilities for the (0.8)
SP decoder 0.2
The ‘1’ probabilities for (0.2)
the SP decoder 0.8
Maximum number of iteration
10

The choice of the number of messages was made 1000 to obtain a more practical
average BER values. However, the iterations were set to be 10 because of the processing

powers of our machines.
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The probabilities are chosen according to real scenarios. The simulation was done by
generating the messages randomly encoded, BPSK-modulated, transmitted and then
demodulated and decoded. The BER was calculated for each sample from the information set
for a given SNR value, and then, summed up and averaged. The results for this step are

shown in the following figure 7.1:

L s E e S P T T O T T A s PRy TR e

: — —
——1opPc-256 f
| ——1LoPc-1024 [

LDPC-4096 H

SNR

Figure4.1: BER Vs SNR for different code lengths

Discussion:

The three codes behave similarly at lower SNR values, their BER performance is very
close for example at SNR=0 BER is 0.1589, 0.1587, and 0.1578 for the 256-,1024- and
4098- length codes respectively.

As SNR goes higher we notice that the longer the code the better error performance.
To achieve a BER< 107-3, extra values of at least 4 dB for the 256-length LDPC code and
3.4 for the 1024 code are required.
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The same remark can be said about Shannon limit (0.18 for rate 2 BPSK) , At BER
10 3 The 4098 code is within 5.7 dB from Shannon’s limit, compared to 9.2 and 9.7 dB for
the 1024- and 256-length code. Practically, we are still far from Shannon’s limit performance
that LDPC codes are said to achieve ,this is because of the small number of iterations and the
fact that the codes used here are at most of medium length compared to codes used in
Standards. However, from the graph a clear tendency towards Shannon’s limit as the code
length gets higher is clearly shown.

3.2 Performance evaluation with respect to the construction method

In this step we tried to investigate the impact of the construction method on the error
performance of the code. The LDPC code chosen for this simulation is the %2-rate 256-length
LDPC code. The code is constructed 4 times using:

e Gallagher’s Method
e Mackay-Neal method
e Progressive edge growth algorithm

e (Q-C combined with the progressive edge growth algorithm

The result of this construction is H1,H2,H3 and H4 shown in table7.1 After the construction, H1
and H2 had some of their bits flipped ( 10 for H1 and 13 for H2) the reason was to ensure full rank
property. The encoding and decoding data was the same as the ones in the previous experiment.

The result are shown in figure 7.2:
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= Gallager's method
-1 —#%— MN methad
—+—PEG

Figure4.2: the performance of the rate % 256-LDPC code under many construction
methods

Discussion :

At lower SNR values (~0) the 4 methods are close in terms of performance. However
at medium SNR a value of 0.5 Db to 1 DB is maintained between each pair of Gallager-MN
and PEG-QCPEG with about a range of 1to 2 Db between the two pairs.

The performance is then can be said to be in favor of the structured LDPC codes. This
can be a result of the more constraints these algorithms place on the construction of the code

like the largest girth possible for the PEG and the avoidance of 4-cycles in the MN method.
3.3 performance with respect to the Decoder type
Up to now , we have been using the SP decoder as the standard decoder. In this part of
the simulation we try to investigate other type of decoders and compare their performance

with the SP decoder.
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The code chosen for this simulation is the %2 4098-length LDPC code whose PCM is
H6 Because the code is so long ( for our processing machines), we are going to limit the

simulation to the following set of decoders:

e SP decoder
e Gallagher’s BF decoder

e Gradient Descent Decoder
The other data kept unchanged.

The following graph shows the result of this step in figure 7.3:

—#—uncoded ]
| —*— Gallager BF ||

BER

Figure 4.3: performance with respect to decoder type
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Discussion:

The graph shows that the decoders are ordered according to their error performance as

follows

The SP decoder
GBF decoder
Gallagher’s BF decoder

M 0D e

The uncoded case

Gallagher’s bit flipping decoder behaves better than the uncoded with some points
recorded to be even worse, however much less than the GDBF and SP decoders. Some points
at lower SNR values are even worse than the uncoded for Gallagher’s BF decoder however as

SNR goes higher it surpasses it and provides a slightly better performance.
The GDBF decoder behaves better than Gallagher’s BF decoder but not as the SP decoder.

To illustrate this consider the case of BER= 10"-2 The Gallaher’s BF is better by about
0.5 dB and worse by about 1 and 2 dBs than the GDBF and the SP respectively.

Another important point from the graph is the rate of change of the SNR-BER graph ,
A decoder can be evaluated also according to this feature. In other words the more steeper is

the rate of change of the decoder the better the performance with respect to SNR.

3.4 Performance with respect to the rate

In this part, we focus on the effect of the rate on The performance of the code

For better performance we have chosen the longest LDPC codes we have constructed: the %2
4098-length and the % 4098-length code. The decoder used is the SP decoder and the other

data is kept unchanged.

The results are shown in the following figure 7.4:
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] ——Uncoded [
—t— rate 3/4

EBER
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.........

SNR(dE)

Figure 4.4: performance with respect to the rate

At lower SNR (around 0) values the coded and uncoded behaves similarly, this can be a

result from the fact that coding beyond Shannon’s limit is meaningless.

At higher SNR values the LDPC codes with rates %2 and % behave much better than the

uncoded BPSK signal with the first code being the more performant.

For example at a BER of 107-2 , an extra 2.8 and 0.5 dB are required for the uncoded

BPSK and the % rate LDPC code to achieve the same performance as the rate %2 code.

This results shows that the smaller the rate the more performant the code which verifies

Shannon’s noisy coding theorem.
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4, Summary:

The performance of LDPC codes is governed by many factors. In this chapter the
effects of length, construction method, decoder type and code rate were investigated.

The results obtained for the code length and rate can be seen as a verification of
Shannon’s noisy coding theorem. In the construction method, we have seen that the
structured and graph-based methods are more performant since they avoid 4-cycles and are

usually designed with a large girth.

In the decoder experiment, the probabilistic decoders were the best compared to the BF
decoders because the nature of the algorithm hat does not lose belief about the bits. In the
other side, we notice that the more careful we are about flipping a bit the better the

performance of the BF decoder.
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Conclusion

A linear block code with a sparse parity check matrix is called an LDPC code. This latter
was discovered by Robert Gallager in 1962 [8] and rediscovered by Mackay Neal [11] in 1997
that showed that those codes are actually very performant at SNR levels very close to Shannon’s

limit.

Based on the distribution of the 1s in the parity check matrix, an LDPC code is either
regular or irregular, and it can be further sub-categorized based on the construction method used
to create the parity check matrix. In the simulation chapter we have shown that the construction
method affects the performance of the code, and a value of more than 3 dB difference was
noticed at some BER levels between the classical Gallager’s method and the QC-PEG, which

shows that graph and structured codes are more performant.

Most of the LDPC codes used in practice are very long, in the order of 10000 and more,
and therefore the G-encoding and the ML decoding are not very attractive due to their high time
complexity. For the encoder, Richardson and Urbanke have created an encoding algorithm that
uses the H matrix directly without computing the G, to encode the messages which produce an
almost linear complexity. The decoder in the other side, is either a BF decoder that guesses on
the valid codeword by flipping the bits according to a set of criteria, or a message passing
decoder that uses the belief or probabilities to decode the received vector correctly. Both types of
decoders are based on iterations. However, with the same number of iterations, we have found

that Belief Propagation methods are more performant.

The results obtained in this work, are realized using short and medium size LDPC codes
with the BPSK modulation scheme and the AGWN channel. We suggest to the reader that is
interested in this work to expand this results to longer codes while varying the modulation
techniques, from which we recommend FSK and OFDM, and the transmission channels to cover

the fading channels Rayleigh and Racian.
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Another point is about the error, the error considered in our simulation was assumed to be
independent with the other errors that may have occurred, so we recommend the consideration of
errors produced by shot noise in the evaluation of LDPC codes.
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1. Overview on Algebraic Structures

The first concept that we will be using extensively (without even paying attention to,
sometimes) is that of Galois fields. However, we need to define first, groups and rings so that

a concise and structured definition of the field is obtained.

1.1 Groups:

A group, denoted as (G,*), is a set G closed under a binary operation * such that the

Following axioms are satisfied[13]:

a. Associativity:
Vab,ceG, (axb)*xc=ax(bxc) (A1)

b. Identity element:
Given x € G, there is a unique element ee G such that
exx=x*e=x (A.2)
c. Inverse element:
Given xeG, There is a unique element ae G such that
a*x=xxa=e (A.3)

Remark:

e If a group (G,*) is commutative, i.e.V a,beG,a*b =>bxa,we call it an

abelian group.

1.2 Rings

a. Definition

Aring (R, +,.) is a set R with two binary operations, addition and multiplication, with
The following axioms satisfied [13]:
e (R, +)isan abelian group.

e Multiplication is associative.
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e Multiplication distributes over addition.

A ring is said to be a commutative ring when the multiplication operation is commutative

b. Characteristic of a ring

Let R be aring, for all a € R, the smallest positive integer for which na = 0 is called
the characteristic of R and denoted as Char (R) [14] .If no such integer exists we say R has

Characteristic of 0.

c. ldeals
Given a Ring R, A subset | of R is called an ideal [14] if:

e Vabel—- a—bel (A.4)
e (WaeRaAViel),aieland iael (A.5)

Now that Groups and rings are defined, we proceed to the most important algebraic structure

to us, which is the concept of fields.

1.3Fields
A Field is a commutative ring whose nonzero elements constitute a group under
multiplication [15].
a. Extension Fields

Let F and G be fields under the same operations with F € G, we say that F is a
Subfield of G and G is an extension of F. G can Also be viewed as a vector space over F and

If dim(G) is finite we say that G is a finite extension of F [15].

b. Finite Fields:

A finite field F is a field with char (F) = p, p # 0 being a prime integer ,that is a finite
extension of Zp ( the ring of integers modulo p) [15]. Those fields are called also prime

fields or Galois fields and are denoted GF (p™) with n refers to the extension.
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Remarks:

e The number of elements of a field is called the order of that field, if F is finite then

For a given GF (p) and for all aeG the powers of a are also elements of the field since

GF (p) is closed under multiplication.

e The smallest positive integer n such thata a™ = 1 is called the order of a.

The type of finite fields that is of interest to us, are the extensions of the binary field
(p =2).

c. Binary Fields

The field GF (2) whose elements are in the set {0,1} , is called the binary field. and it is

the field that we need in our work , the addition and multiplication tables corresponding
to this field, are shown in tables .

Table A.1: Binary addition TableA.2: Binarymultiplication

1 1 0 1 0 1
d. Polynomials over the binary field
A Polynomial f (x) over GF (2) is of the form
f(x) = Fy + Fyx + Fox% 4 -+ Fyx" (A7)

Where f; € {0,1}.

The addition and multiplication of polynomials are done modulo 2.

2. Overview on Graph Theory

Graph theory is used extensively in LDPC coding in both processes, encoding and
decoding and it is the basis for all iterative decoders.
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2.1 Graphs:

A graph G is a mapping from the set V into the set E € V?,i.e.G = (v, E)[16].
The elements of VV are the vertices (or nodes) of the graph and the elements of E are its edges.
A graph is usually pictured by drawing a dot for each vertex and a line for each edge.

An example of a graph is in the figure 2.1.

Figure A.1: a graph with 10 vertices and 15 edges

Remark:

The number of vertices in a graph is its order.

2.2 R-partite graphs:

Let » > 2 be an integer, a graph G = (V,E) is said to be r-partite if V is partitioned into r
Classes so that every edge has its ends in different classes [16]. The case important to us is the
2-partite graph that is usually called bipartite graph. An example of this type of graphs in the

figure 2.2.
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FigureA.2 A 3-partite graph

Remark :

In an r-partite graph an edge cannot has both ends in one class.

2.3 Trees

A tree is a connected graph that contains no cycles [16], the following statements are satisfied
for the tree:

e There is a unique path that connects every two vertices of the graph.
e If the tree has n vertices then it must have n-1 edges.
e The tree is called sometimes an acyclic graph.

Figure 2.3 shows an example of a tree.

Figure A.3: A tree with 6 vertices and 5 vertices
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