2020 International Conference on Mathematics and Information Technology, Adrar, Algeria, February 18-19, 2020

32

Numerical Solution for Nonlinear Time-Fractional
Partial Differential Equation With Variable
Coefficient Using Reproducing Kernel Hibert Space
Method

Nourhane Attia
Dynamic of Engines and Vibroacoustic Laboratory,
Faculty of Engineer Sciences, Boumerdes University
Boumerdes, Algeria
n.attia@univ-boumerdes.dz

Abdelkader Nour
Dynamic of Engines and Vibroacoustic Laboratory,
Faculty of Engineer Sciences, Boumerdes University
Boumerdes, Algeria
abdelkader_nour@hotmail.fr

Abstract—The iterative reproducing kernel Hilbert space
method is used to approximate the solution of the nonlinear time-
fractional partial differential equation with variable coefficient.
The experiment results show the rapidity of convergence of
the approximate solution and demonstrate that this method is
effective and accurate method.
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I. INTRODUCTION

The fractional calculus is well known as derivations and
integrations of arbitrary order theory in modern mathematics.
The very important role of the fractional calculus is the gener-
alization of n-fold integration (or integer order differentiation)
notion to be non-integer order.

Recently, an important phenomena can be achievely mod-
eled by fractional partial differential equations in engineering
and sciences such as diffusion wave, control theory, dynamical
systems, fluid mechanics and many other subjects.

In this research, nonlinear time-fractional partial differential
equation based on the fractional derivative in the sense of
Caputo given by (1) is solved by the reproducing kernel Hilbert
space method.

F(¢n,9,9¢,959,...) =h((n), 0<(n<l,0<a<l

3(¢,0)=0, 0<¢<1,
9(0,m) =9(1,m) =0 0<n<L
)
where h(C, ) is continuous function and D7 is the fractional
derivative describing the Caputo sense with respect to time 7).
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Several methods have been used to study partial differential
equations described by fractional-order, including the finite
difference method, the finite element method, the collocation
method and the Adomian’s decomposition method.

The concept of reproducing kernel Hilbert space (RKHS)
method (Cui and Lin, 2009) will be effectively used to give the
solution of fractional partial differential equation in convergent
series form.

This paper is structured as follows. In Section 2, we provide
some important definitions and mathematical premilinaries
of the reproducing kernel theory and the fractional calcu-
lus theory. In Section 3, we present the application of the
reproduction kernel Hilbert space method to construct the
solution of our model problem. In Section 4, we apply the
proposed method to two numerical examples for demonstrate
the accuracy and applicability of this method.

II. SOME BASIC PRELIMINARY

We introduce in this section some basic definitions and
concepts from reproducing kernel theory which are important
for other sections of this study.

Definition 2.1: The fractional derivative in Caputo sense of
order ¢ > 0 is

, 1 K ; g
) = gy | (1= "I
, @)
forn >0, m—1<¢<mand meN.
Definition 2.2: Let a Hilbert space $. We call a function
K,(-), where K : x x x — C a reproducing kernel of ), if it
satisfies the following two conditions

1) K,(-)efn, Vpe X.
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2) (9(), K,())

A. The Reproducing Kernel Hilbert Space W3[0,1]

=9(p) forall ¥ € § and p € x.

W3[0, 1] is a space of functions which is defined as follows
W30,1] = {©|0¥)(() are absolutely continuous functions on
[0,1],0B)(¢) € L?[0,1],£ = 0,1,2, and ©(0) = ©’(0) = 0}.
With its corresponding inner product

2

0. Ty =3 60OTO0) + [ ONOTI O
=0
and its corresponding norm ||®||W23 = <97@>é‘/3 in which

0,1 € W3[0,1].
The reproducing Kernel function K.(x) associated to
W3[0,1] given by

k(¢ k)
KC("{) = { k("@C)

(k?/120)(—5¢K? + K2 + 10¢%(3 + K)).

’/{/écﬂ

k> C. 3)

where k((, k) =

B. The Reproducing Kernel Hilbert Space W30, 1]

W3[0, 1] is a space of functions which is defined as follows
W2[0,1] = {©|0¥)(n) are absolutely continuous functions
on [0,1],0"(n) € L?[0,1],£=0,1, and ©(0) = 0}

With its corresponding inner product

1
Z@ T(Z) / @// T”
=0
and its corresponding norm |[|©||},> = <@,@>évz in which
2 5

0, € W2[0,1].
The reproducing Kernel function S, (v) associated to the
space W20, 1], given by
s(n,v)

Sn(”) = { k(v,n)
(v/6)(—v? + 3n(2 +v)).

v <,

V> ). @)

where k(n,v) =

C. The Reproducing Kernel Hilbert Space W40, 1]

W40, 1] is a space of functions which is defined as follows
W1H0,1] = {©]6(() is absolutely continuous functions on
0,11, 0/(¢) € L2[0, 1]}.

With its corresponding inner product

1
©. Ty = [ (OOT(O) +6/OT (O

and its corresponding norm H@||W2} =
0,T € W30,1].

The reproducing kernel function RC(
complete reproducing kernel space W20,

(©,0)yy; in which

) associated to the
1] is given by

1+k

R ={ 1T RS )
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D. The Binary Reproducing Kernel Hilbert Space Wg(l’l)(F )
Let be F' =[0,1] x [0,1].
W21’1)(F) is a space of functions which is defined as
follows VV21 1)( = {9(¢,n)|Y are absolutely continuous
functions on F), 08(59 € L3(F)}.

With its corresponding inner product

0

1
DG oGy = [ o005

5 v(0,m)| dn

0 0
: — = d¢d
+ (9(¢,0),v cow+//8<8 LN
and its corresponding norm H19||W(1 D(py
(0, 19> (1D () in which 9,v € W2(171)( F).

The reproducmg Kernel function Q(C,n) (k, p) associated to
the space WQ(I’I)(F), given by

= R¢(r) Ry (1) (6)
E. The Binary Reproducing Kernel Hilbert Space WQ(S’Q)(F)

Q(C,n)(’ia /L)

W2(3 2)( F) is a space of functions which is defined

as follows W2(3’2)(F) {19(( 77 |a<2a are absolutely
continuous  functions on F, 5 i 377 € L*F) and,
(¢, 0) = 9(0,n) = 9(1,n) = 0}.

With its corresponding inner product

<19 ) (C 77)>W(3 2) (F)
62 L 82 aL
Z/ [anz ac’ )877289@”(0’77)} dn

v [ [ vt an

1
8@
+ Z <aé§(<a 0), NU(<,0)>WM
03 82 93 92
/ / 903 2O g gt (G mdcdn
and i corresponding  norm |\19||W(3,2)(F)
<19,19>W<3,2)( 1y in which 9,0 € W ().

The reproducing Kernel function Q¢ ,,)(, i1) associated to
the space Wz(?”Q)(F)7 given by
Qe (5, 1) = K () Sn (1) (7)

III. ANALYSIS OF THE REPRODUCING KERNEL HILBERT
SPACE METHOD

Firstly, we we can rewrite the problem (1) as follows

SY((,n) =G((n, 0 ...),0<(n<], 0<a<l,
9(¢0) =0, 0<(<1,
9(0,m) =9(1,n) =0 0<n<1.
®)
where W2(372)(F) — WQ(M)(F) is a linear operator.
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Secondly, to construct the base of W(3 )(F) which is called
the orthogonal function system, let pL(C,n) = R, m)(C,m)

and ¢.(C,n) = S"p.(¢.n), where {(¢,n.)}2, form a
countable set which is dense on interval F, & denotes the

formal adjoint operator of & and the reproducing kernel
function associated to Wél’l)(F) is denoted by R¢, ,)(¢,n)

Next, using the process of Gram-Schmidt, we obtain an
orthonormal system {i, }°, of WQ(S’Q)(F) :

JL(CJ/]) = Z%Llﬂﬁlc(gan)’ ”y > 07 L= 1727 sy (9)

k=1

with the following cases of the orthogonalization coefficients
Xk -

for 1=¢=1,

L= £,

— LS Cusane for >0,

where e, = \/||¢L||2 2‘11 C%.Cy = <¢L’@k>w(3 2, and
{1, }22, form an orthonormal system in the space W2(3 ,2) (F).

_ 1
Pl = Tl

My = ei for

e =

Remark 3.1: 1t is easy to infer the following formula

V(61 = S Q) (B V) (k) =(coom0)

where the operator 3, ,) indicates that the operator S is

applied to the variables x and v.
Theorem 3.1: 1,((,m) € W(3 2)( F).
Theorem 3.2: Let the set {(“ 17,}°2, be dense on F, then we
say that {1, }°2, is a complete system of the space WQ(3 2) (F).
Proof: We have first

() = (S%p.)(C, ) <(C\‘f*m)(f<aV)vQ(n,u>(<7n)>W;3>2>
<(pL (K,V)Q(H,V)(C?U)>W2(1a1)
= gwu)Q(c,n)(m V)| ()=

(Ceome)

Let us secondly put
<Q9(Ca 77)’ %(Q 77)>W2(3’2> = 07 L= 1, 2, ey

for each fixed 9(¢,n) € W2(3’2)(F).
So

(D(Cm), (ST (G M) gy = (3P M) 0.(C M)y

= (S9)(C;m.) = 0.

and note that {(¢,,n,)}>2; is a dense set in F, so SY(¢,n) =
0. Because of the existence of 31, 9¥(¢,n) = 0. [ |

Theorem 3.3: Take {((,,7,)}>2; is a dense set on F' and
assume the solution of (1) is unique on W2(3’2)(F ), then the
solution of the problem (8) is given by

ZZ%kG oy s O (Chos k), O 9 (Cooy i) )0, (C, ).

(10)
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Proof: We drive from the completeness of {,(¢,n)}
in W% (F) that

oo

9(C¢,n) = z; (D(Cm), VulCom)) o ()
:Z;kzlm (G k(S )y o0 (S )
=§§¥MMW%MKWMMWM)
=2;mWWM%WWW&W
_ i; o (S, QiG] )y o)
:i;m%mmwm>
_ il ; 506G (G s I(Cis 1) DI Cos i) ) €, )

]
Now we can obtain the approximate solution 9,,((,n) by
takin finite number of terms in (10) as follows

77) = Z Z %LkG(CkH Nk, ﬁ(Ckﬁ 77]())7 aﬁggﬁ(glﬁ nk))EL(gv 77)

=1 k=1
(11)
Lemma 3.1: If G({,n,9(¢,n),0

A hcc¥(C,m)) is continuous
and 19,, — ¥ for ((n,nn) — (K, V), then

G(Cﬂv Tn s ﬁn—l (CnJ 7]7:,), 377{(1971—1 (Cny 7’71,)) —
G(k, v, 9(k,v), 8,7¢¢1§(f£, v))

Theorem 3.4: Suppose that ||9,,] is a bounded in (8) and
the solution of (11) is unique. If {(¢,,n,)}52; is a dense set in
F, so the approximate solution 9,,(¢,n) converges to ¥({,n)

of (8) and .
= Z Q[LEL (<> 77)
=1

Proof: We will first demonstrate that ¥,,(¢,n) is conver-
gente. We deduce from (11)

(12)

nt1(Cm) = In(Cm) + 91n+1%(@ 7). (13)
From the orthonormality of {t,}°,, we provide that
n+1
[Ona|® = 0] + A2y = A7 (14)
=1

S0, [Fn 1l > 9,
Because of the boundedness of ||¢,], we deduce that ||9,,]]
is convergent and 3 M such that

> -
=1

(15)
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Fig. 1. Approximate solutions of Example 1 for different grid points and various values of o, = 1, = 0.85 and a = 0.6 respectively from left to right.

So, this indicates that {2, }°°; € [?. if p > n, then

[9p = vall® = [0 = Dp1 + Ipo1 — -+ + Dng1 — Fn |
=9y —Ipa* + -+ 901 —Pul®  (16)
On account of
19, — Ip||® = A2 (17)
Hence,
p
[0, —Vnll® = > BE—0, asn — o0 (18)

t=n+1
Thus, 9, — ¥ as n — oo by the completeness of W2(3’2)(D).
Next, we will demonstrate that 9 is the representation

solution of (8).
We take limits in (11), we obtain

D(Cm) =D A3, (¢n)- (19)
=1
Note that -
(39) (¢ = DA%, (C.m). 20)
=1
(99) (Gm) = > ASB,(Gom) @
=1
= Z 2A; <%7L(C7 T])a 1 (Ca 7])>W2(1v1)
=1
= Z Q[z <¥L (Cv n)a R4 1 (C? "7>>W2(372) (22)
=1
- ZQ[L <@L(<aﬁ)7¢l(€7n)>w2(3v2) (23)
=1
Therefore,
Z Ml (%7§> (<l7 771) = Z QlL <¢L(C7 77)7 Z %qupl (C7 77)
=1 =1 =1

0

2, <Eb(<7 77)7@1(C7 77)>W2<3v2> =2
(24)

1

(\
Il
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We have

SV(C,m) = GG, Di—1(Cym)s OncePi-1(Ctym))

Since {({,,7,)}52, is dense on D, for each (,n) € D, there
exists a subsequence {(Cnj,7nj)}52, such that (Guj,7ng) —

(¢,m),j — o0
Noting that

SO (CngsMng) = G(Cngs Mg g —1(Cngs Ting s OnccOni—1 (g ng)-
(26)

Let j — oo, by the continuity of G and Lemma 3.1, we can

write

(25)

which demonstrates that (¢, ) provide (8).

27)

IV. NUMERICAL APPLICATIONS

We present in this section some numerical results where the
RKHS approach is applied for a nonlinear partial differential
equation with time-fractional order.

Example 1: Let us consider the nonlinear time fractional
order partial differential equation :

Do — 9 —dec = h(,m), 0< (<1, 0<a<l,

9(¢,0) =0, 0<¢<1,
30,n) =9(1,n) =0 0<n<1.

(28)
where
R(C.m) = —72n* sin(w¢) —m™ cos(m¢) sin(m¢)— 20‘"?512 = o; =

and 9(¢,n) = cos(5 + w{)n>* is the exact solution of (28).
We obtained the results wich are presented in Fig. 1 by using
RKHS method. The grid points are taken for n = 16. Fig. 1
show the graphics of the approximate solutions 9, (¢,n) for
o =1,a=0.85 and a = 6 respectively.
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