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Abstract—The iterative reproducing kernel Hilbert space
method is used to approximate the solution of the nonlinear time-
fractional partial differential equation with variable coefficient.
The experiment results show the rapidity of convergence of
the approximate solution and demonstrate that this method is
effective and accurate method.
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I. INTRODUCTION

The fractional calculus is well known as derivations and
integrations of arbitrary order theory in modern mathematics.
The very important role of the fractional calculus is the gener-
alization of n-fold integration (or integer order differentiation)
notion to be non-integer order.

Recently, an important phenomena can be achievely mod-
eled by fractional partial differential equations in engineering
and sciences such as diffusion wave, control theory, dynamical
systems, fluid mechanics and many other subjects.

In this research, nonlinear time-fractional partial differential
equation based on the fractional derivative in the sense of
Caputo given by (1) is solved by the reproducing kernel Hilbert
space method.

z(ζ, η, ϑ, ϑζ ,D
α
ηϑ, . . . ) = ~(ζ, η), 0 < ζ, η < 1, 0 < α ≤ 1,

ϑ(ζ, 0) = 0, 0 ≤ ζ ≤ 1,
ϑ(0, η) = ϑ(1, η) = 0 0 ≤ η ≤ 1.

(1)
where ~(ζ, η) is continuous function and Dα

η is the fractional
derivative describing the Caputo sense with respect to time η.

Several methods have been used to study partial differential
equations described by fractional-order, including the finite
difference method, the finite element method, the collocation
method and the Adomian’s decomposition method.

The concept of reproducing kernel Hilbert space (RKHS)
method (Cui and Lin, 2009) will be effectively used to give the
solution of fractional partial differential equation in convergent
series form.

This paper is structured as follows. In Section 2, we provide
some important definitions and mathematical premilinaries
of the reproducing kernel theory and the fractional calcu-
lus theory. In Section 3, we present the application of the
reproduction kernel Hilbert space method to construct the
solution of our model problem. In Section 4, we apply the
proposed method to two numerical examples for demonstrate
the accuracy and applicability of this method.

II. SOME BASIC PRELIMINARY

We introduce in this section some basic definitions and
concepts from reproducing kernel theory which are important
for other sections of this study.

Definition 2.1: The fractional derivative in Caputo sense of
order ς > 0 is

(Dς
ηϑ)(ζ, η) =

1

Γ(m− ς)

∫ η

0

(η − µ)m−ς−1∂mµ ϑ(ζ, µ)dµ,

(2)
for η > 0, m− 1 < ς ≤ m and m ∈ N.

Definition 2.2: Let a Hilbert space H. We call a function
Kρ(·), where K : χ×χ→ C a reproducing kernel of H, if it
satisfies the following two conditions

1) Kρ(·) ∈ H, ∀ρ ∈ X .
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2) 〈ϑ(·),Kρ(·)〉 = ϑ(ρ) for all ϑ ∈ H and ρ ∈ χ.

A. The Reproducing Kernel Hilbert Space W 3
2 [0, 1]

W 3
2 [0, 1] is a space of functions which is defined as follows

W 3
2 [0, 1] = {Θ|Θ(`)(ζ) are absolutely continuous functions on

[0, 1],Θ(3)(ζ) ∈ L2[0, 1], ` = 0, 1, 2, and Θ(0) = Θ′(0) = 0}.
With its corresponding inner product

〈Θ,Υ〉W 3
2

=

2∑
`=0

Θ(`)(0)Υ(`)(0) +

∫ 1

0

Θ(3)(ζ)Υ(3)(ζ)dζ

and its corresponding norm ‖Θ‖W 3
2

= 〈Θ,Θ〉
1
2

W 3
2

in which
Θ,Υ ∈W 3

2 [0, 1].
The reproducing Kernel function Kζ(κ) associated to

W 3
2 [0, 1] given by

Kζ(κ) =

{
k(ζ, κ) , κ ≤ ζ,
k(κ, ζ) , κ > ζ.

(3)

where k(ζ, κ) = (κ2/120)(−5ζκ2 + κ3 + 10ζ2(3 + κ)).

B. The Reproducing Kernel Hilbert Space W 2
2 [0, 1]

W 2
2 [0, 1] is a space of functions which is defined as follows

W 2
2 [0, 1] = {Θ|Θ(`)(η) are absolutely continuous functions

on [0, 1],Θ′′(η) ∈ L2[0, 1], ` = 0, 1, and Θ(0) = 0}.
With its corresponding inner product

〈Θ,Υ〉W 2
2

=

1∑
`=0

Θ(`)(0)Υ(`)(0) +

∫ 1

0

Θ′′(η)Υ′′(η)dη

and its corresponding norm ‖Θ‖W 2
2

= 〈Θ,Θ〉
1
2

W 2
2

in which
Θ,Υ ∈W 2

2 [0, 1].
The reproducing Kernel function Sη(ν) associated to the

space W 2
2 [0, 1], given by

Sη(ν) =

{
s(η, ν) , ν ≤ η,
k(ν, η) , ν > η.

(4)

where k(η, ν) = (ν/6)(−ν2 + 3η(2 + ν)).

C. The Reproducing Kernel Hilbert Space W 1
2 [0, 1]

W 1
2 [0, 1] is a space of functions which is defined as follows

W 1
2 [0, 1] = {Θ|Θ(ζ) is absolutely continuous functions on

[0, 1],Θ′(ζ) ∈ L2[0, 1]}.
With its corresponding inner product

〈Θ,Υ〉W 1
2

=

∫ 1

0

(Θ(ζ)Υ(ζ) + Θ′(ζ)Υ′(ζ))dζ

and its corresponding norm ‖Θ‖W 1
2

=
√
〈Θ,Θ〉W 1

2
in which

Θ,Υ ∈W 1
2 [0, 1].

The reproducing kernel function Rζ(κ) associated to the
complete reproducing kernel space W 1

2 [0, 1] is given by

Rζ(κ) =

{
1 + κ , κ ≤ ζ,
1 + ζ , κ > ζ.

(5)

D. The Binary Reproducing Kernel Hilbert Space W (1,1)
2 (F )

Let be F = [0, 1]× [0, 1].

W
(1,1)
2 (F ) is a space of functions which is defined as

follows W
(1,1)
2 (F ) = {ϑ(ζ, η)|ϑ are absolutely continuous

functions on F, ∂
2ϑ

∂ζ∂η ∈ L
2(F )}.

With its corresponding inner product

〈ϑ(ζ, η), v(ζ, η)〉
W

(1,1)
2 (F )

=

∫ 1

0

[
∂

∂η
ϑ(0, η)

∂

∂t
v(0, η)

]
dη

+ 〈ϑ(ζ, 0), v(ζ, 0)〉W 1
2

+

∫ 1

0

∫ 1

0

∂

∂ζ

∂

∂η
ϑ(ζ, η)

∂

∂ζ

∂

∂
v(ζ, η)dζdη

and its corresponding norm ‖ϑ‖
W

(1,1)
2 (F )

=√
〈ϑ, ϑ〉

W
(1,1)
2 (F )

in which ϑ, v ∈W (1,1)
2 (F ).

The reproducing Kernel function Q̃(ζ,η)(κ, µ) associated to
the space W (1,1)

2 (F ), given by

Q̃(ζ,η)(κ, µ) = Rζ(κ)Rη(µ) (6)

E. The Binary Reproducing Kernel Hilbert Space W (3,2)
2 (F )

W
(3,2)
2 (F ) is a space of functions which is defined

as follows W
(3,2)
2 (F ) = {ϑ(ζ, η)| ∂

3ϑ
∂ζ2∂η are absolutely

continuous functions on F, ∂5ϑ
∂ζ3∂η2 ∈ L2(F ) and,

ϑ(ζ, 0) = ϑ(0, η) = ϑ(1, η) = 0}.

With its corresponding inner product

〈ϑ(ζ, η), v(ζ, η)〉
W

(3,2)
2 (F )

=

1∑
ι=0

∫ 1

0

[
∂2

∂η2
∂ι

∂ζι
ϑ(0, η)

∂2

∂η2
∂ι

∂xι
v(0, η)

]
dη

+

∫ 1

0

[
∂2

∂η2
ϑ(1, η)

∂2

∂η2
v(1, η)

]
dη

+

1∑
`=0

〈
∂`

∂η`
ϑ(ζ, 0),

∂`

∂η`
v(ζ, 0)

〉
Wm

2

+

∫ 1

0

∫ 1

0

∂3

∂ζ3
∂2

∂η2
ϑ(ζ, η)

∂3

∂ζ3
∂2

∂η2
v(ζ, η)dζdη

and its corresponding norm ‖ϑ‖
W

(3,2)
2 (F )

=√
〈ϑ, ϑ〉

W
(3,2)
2 (F )

in which ϑ, v ∈W (3,2)
2 (F ).

The reproducing Kernel function Q(ζ,η)(κ, µ) associated to
the space W (3,2)

2 (F ), given by

Q(ζ,η)(κ, µ) = Kζ(κ)Sη(µ) (7)

III. ANALYSIS OF THE REPRODUCING KERNEL HILBERT
SPACE METHOD

Firstly, we we can rewrite the problem (1) as follows =ϑ(ζ, η) = G(ζ, η, ϑ, ϑζ , . . . ), 0 < ζ, η < 1, 0 < α ≤ 1,
ϑ(ζ, 0) = 0, 0 ≤ ζ ≤ 1,
ϑ(0, η) = ϑ(1, η) = 0 0 ≤ η ≤ 1.

(8)
where = : W

(3,2)
2 (F )→W

(1,1)
2 (F ) is a linear operator.
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Secondly, to construct the base of W (3,2)
2 (F ) which is called

the orthogonal function system, let ℘ι(ζ, η) = R(ζι,ηι)(ζ, η)
and ψι(ζ, η) = =∗℘ι(ζ, η), where {(ζι, ηι)}∞ι=1 form a
countable set which is dense on interval F, =∗ denotes the
formal adjoint operator of = and the reproducing kernel
function associated to W (1,1)

2 (F ) is denoted by R(ζι,ηι)(ζ, η)

Next, using the process of Gram-Schmidt, we obtain an
orthonormal system {ψι}∞ι=1 of W (3,2)

2 (F ) :

ψι(ζ, η) =

ι∑
k=1

κιkψk(ζ, η), κιι > 0, ι = 1, 2, . . . , (9)

with the following cases of the orthogonalization coefficients
κιk :

κι` = 1
‖ψ1‖ for ι = ` = 1,

κι` = 1
eι

for ι = ` 6= 1,

κι` = − 1
eι

∑ι−1
k=` Cιkκk` for ι > `,

where eι =
√
‖ψι‖2 −

∑ι−1
k=1 C

2
ιk, Cιk =

〈
ψι, ψk

〉
W

(3,2)
2

, and

{ψι}∞ι=1 form an orthonormal system in the space W (3,2)
2 (F ).

Remark 3.1: It is easy to infer the following formula

ψι(ζ, η) = =(κ,ν)Q(ζ,η)(κ, ν)|(κ,ν)=(ζι,ηι)

where the operator =(κ,ν) indicates that the operator = is
applied to the variables κ and ν.

Theorem 3.1: ψι(ζ, η) ∈W (3,2)
2 (F ).

Theorem 3.2: Let the set {ζι, ηι}∞ι=1 be dense on F, then we
say that {ψι}∞ι=1 is a complete system of the space W (3,2)

2 (F ).
Proof: We have first

ψι(ζ, η) = (=∗℘ι)(ζ, η) =
〈
(=∗℘ι)(κ, ν), Q(κ,ν)(ζ, η)

〉
W

(3,2)
2

=
〈
(℘ι)(κ, ν),=(κ,ν)Q(κ,ν)(ζ, η)

〉
W

(1,1)
2

= =(κ,ν)Q(ζ,η)(κ, ν)|(κ,ν)=(ζι,ηι)

Let us secondly put

〈ϑ(ζ, η), ψι(ζ, η)〉
W

(3,2)
2

= 0, ι = 1, 2, . . . ,

for each fixed ϑ(ζ, η) ∈W (3,2)
2 (F ).

So

〈ϑ(ζ, η), (=∗℘ι)(ζ, η)〉
W

(3,2)
2

= 〈=ϑ(ζ, η), ℘ι(ζ, η)〉
W

(1,1)
2

= (=ϑ)(ζι, ηι) = 0.

and note that {(ζι, ηι)}∞ι=1 is a dense set in F, so =ϑ(ζ, η) =
0. Because of the existence of =−1, ϑ(ζ, η) = 0.

Theorem 3.3: Take {(ζι, ηι)}∞ι=1 is a dense set on F and
assume the solution of (1) is unique on W

(3,2)
2 (F ), then the

solution of the problem (8) is given by

ϑ(ζ, η) =

∞∑
ι=1

ι∑
k=1

κιkG(ζk, ηk, ϑ(ζk, ηk), ∂ηζζϑ(ζk, ηk))ψι(ζ, η).

(10)

Proof: We drive from the completeness of
{
ψ̄ι(ζ, η)

}∞
ι=1

in W (3,2)
2 (F ) that

ϑ(ζ, η) =

∞∑
ι=1

〈
ϑ(ζ, η), ψ̄ι(ζ, η)

〉
W

(3,2)
2

ψ̄ι(η)

=

∞∑
ι=1

ι∑
k=1

κιk 〈ϑ(ζ, η), ψk(ζ, η)〉
W

(3,2)
2

ψ̄ι(ζ, η)

=

∞∑
ι=1

ι∑
k=1

κιk 〈ϑ(ζ, η),=∗℘k(ζ, η)〉
W

(3,2)
2

ψ̄ι(ζ, η)

=

∞∑
ι=1

ι∑
k=1

κιk 〈=ϑ(ζ, η), ℘k(ζ, η)〉
W

(1,1)
2

ψ̄ι(ζ, η)

=

∞∑
ι=1

ι∑
k=1

κιk
〈
=ϑ(ζ, η), Q̃(ζ,η)(ζk, ηk)

〉
W

(1,1)
2

ψ̄ι(ζ, η)

=

∞∑
ι=1

ι∑
k=1

κιk=ϑ(ζk, ηk)ψ̄ι(ζ, η)

=

∞∑
ι=1

ι∑
k=1

κιkG(ζk, ηk, ϑ(ζk, ηk), ∂ηζζϑ(ζk, ηk))ψ̄ι(ζ, η).

Now we can obtain the approximate solution ϑn(ζ, η) by
takin finite number of terms in (10) as follows

ϑn(ζ, η) =

n∑
ι=1

ι∑
k=1

κιkG(ζk, ηk, ϑ(ζk, ηk), ∂ηζζϑ(ζk, ηk))ψι(ζ, η).

(11)
Lemma 3.1: If G(ζ, η, ϑ(ζ, η), ∂ηζζϑ(ζ, η)) is continuous

and ϑn → ϑ̂ for (ζn, ηn)→ (κ, ν), then

G(ζn, ηn, ϑn−1(ζn, ηn), ∂ηζζϑn−1(ζn, ηn))→
G(κ, ν, ϑ̂(κ, ν), ∂ηζζ ϑ̂(κ, ν))

Theorem 3.4: Suppose that ‖ϑn‖ is a bounded in (8) and
the solution of (11) is unique. If {(ζι, ηι)}∞ι=1 is a dense set in
F, so the approximate solution ϑn(ζ, η) converges to ϑ(ζ, η)
of (8) and

ϑ(ζ, η) =

∞∑
ι=1

Aιψι(ζ, η) (12)

Proof: We will first demonstrate that ϑn(ζ, η) is conver-
gente. We deduce from (11)

ϑn+1(ζ, η) = ϑn(ζ, η) + An+1ψι(ζ, η). (13)

From the orthonormality of {ψι}∞ι=1, we provide that

‖ϑn+1‖2 = ‖ϑn‖2 + A2
n+1 =

n+1∑
ι=1

A2
ι (14)

So, ‖ϑn+1‖ > ‖ϑn‖.
Because of the boundedness of ‖ϑn‖ , we deduce that ‖ϑn‖
is convergent and ∃ M such that

∞∑
ι=1

A2
ι = M. (15)
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Fig. 1. Approximate solutions of Example 1 for different grid points and various values of α, α = 1, α = 0.85 and α = 0.6 respectively from left to right.

So, this indicates that {Aι}∞ι=1 ∈ l2. if p > n, then

‖ϑp − vn‖2 = ‖ϑp − ϑp−1 + ϑp−1 − · · ·+ ϑn+1 − ϑn‖2

= ‖ϑp − ϑp−1‖2 + · · ·+ ‖ϑn+1 − ϑn‖2 (16)

On account of
‖ϑp − ϑp−1‖2 = A2

p (17)

Hence,

‖ϑp − ϑn‖2 =

p∑
ι=n+1

B2
l → 0, as n→∞ (18)

Thus, ϑn → ϑ̂ as n→∞ by the completeness of W (3,2)
2 (D).

Next, we will demonstrate that ϑ̂ is the representation
solution of (8).
We take limits in (11), we obtain

ϑ̂(ζ, η) =

∞∑
ι=1

Aιψι(ζ, η). (19)

Note that (
=ϑ̂
)

(ζ, η) =

∞∑
ι=1

Aι=ψι(ζ, η). (20)

(
=ϑ̂
)

(ζl, ηl) =

∞∑
ι=1

Aι=ψι(ζl, ηl) (21)

=
∞∑
ι=1

Ai
〈
=ψι(ζ, η), ℘l(ζ, η)

〉
W

(1,1)
2

=

∞∑
ι=1

Ai
〈
ψι(ζ, η),=∗℘l(ζ, η)

〉
W

(3,2)
2

(22)

=

∞∑
ι=1

Aι
〈
ψι(ζ, η), ψl(ζ, η)

〉
W

(3,2)
2

(23)

Therefore,
ι∑
l=1

κιl
(
=ϑ̂
)

(ζl, ηl) =

∞∑
ι=1

Aι

〈
ψι(ζ, η),

ι∑
l=1

κιlψl(ζ, η)

〉
W

(3,2)
2

=

∞∑
ι=1

Aι
〈
ψι(ζ, η), ψl(ζ, η)

〉
W

(3,2)
2

= Al

(24)

We have

=ϑ̂(ζl, ηl) = G(ζl, ηl, ϑl−1(ζl, ηl), ∂ηζζϑl−1(ζl, ηl)) (25)

Since {(ζι, ηι)}∞ι=1 is dense on D, for each (ζ, η) ∈ D, there
exists a subsequence {(ζnj , ηnj)}∞j=1 such that (ζnj , ηnj) →
(ζ, η), j →∞.
Noting that

=ϑ̂(ζnj , ηnj) = G(ζnj , ηnj , ϑnj−1(ζnj , ηnj), ∂ηζζϑnj−1(ζnj , ηnj)).
(26)

Let j → ∞, by the continuity of G and Lemma 3.1, we can
write

=ϑ̂(ζ, η) = G(ζ, η, ϑ(ζ, η), ∂ηζζϑ(ζ, η)). (27)

which demonstrates that ϑ̂(ζ, η) provide (8).

IV. NUMERICAL APPLICATIONS

We present in this section some numerical results where the
RKHS approach is applied for a nonlinear partial differential
equation with time-fractional order.

Example 1: Let us consider the nonlinear time fractional
order partial differential equation :

Dα
ηϑ− ϑϑζ − ϑζζ = ~(ζ, η), 0 < ζ, η < 1, 0 < α ≤ 1,

ϑ(ζ, 0) = 0, 0 ≤ ζ ≤ 1,
ϑ(0, η) = ϑ(1, η) = 0 0 ≤ η ≤ 1.

(28)
where

~(ζ, η) = −π2η2α sin(πζ)−πη4α cos(πζ) sin(πζ)−2αηαΓ(2α) sin(πζ)

Γ(1 + α)
,

and ϑ(ζ, η) = cos(π2 + πζ)η2α is the exact solution of (28).
We obtained the results wich are presented in Fig. 1 by using
RKHS method. The grid points are taken for n = 16. Fig. 1
show the graphics of the approximate solutions ϑn(ζ, η) for
α = 1, α = 0.85 and α = 6 respectively.
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