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ABSTRACT

As many industrial systems have a high complexity; large scale systems became the subject
of intensive research in systems and control theory. The complexity of the systems leads to severe
difficulties that are encountered in the tasks of analyzing the system and designing and
implementing appropriate control strategies algorithms. These difficulties arise mainly from
dimensionality, uncertainty and information structure constraints. For these reasons the analysis
and synthesis tasks cannot be solved economically in a single step as it is possible for similar
analysis and design tasks small system. Therefore, it is common procedure in engineering practice
to work with mathematical models that are simpler, but less accurate, then the best available
model of a given physical process, “since the amount of computation required analyzing and
controlling large scale system grows faster than its size. It has been long recognized that it is
beneficial to decompose a large scale system into subsystems, and design controller for each
subsystem independently on the basis of the local subsystems dynamics and the nature of their
interconnections.

In this project, we have taken the advantages of overlapping decomposition technique and its
application to design an optimal decentralized controller. We started by inclusion/contraction
principle that allows us to create an equivalent higher order system then decomposition’s theory to
subdivide the whole expanded system into subsystems with lower dimensions and treat them
independently. To show the efficiency of our algorithms we proposed optimal centralized control
design and the decentralized one followed by a comparison.

Keywords: large scale system, overlapping decomposition, decentralized control, inclusion/
contraction, web winding system.



RESUME

Puisque les systemes industriels sont complexes, les systemes de grandes dimensions deviennent
un sujet de recherche primordial dans le domaine de I’automatique. La complexité de ces systémes
pose des de sérieux problémes d’algorithme de modélisation et de commande. Ces difficultés
proviennent généralement de la dimensionnalité, de 1’incertitude et de la structure des contraintes.
Pour étudier ces systemes a grandes dimension on se trouve souvent confronté a un ensemble
important de données dont I’analyse devient impossible, la simulation trop couteuse et la
réalisation d’'une commande trés difficile. Il est donc indispensable d’établir une théorie pour
appréhender de maniere systématique ces grands systemes. Par conséquent, il est recommandé de
décomposer ces grands systémes et d’établir indépendamment la loi de commande recherchée
pour chaque sous systémes. Par conséquent, la résolution du probleme de la commande
décentralisée nécessite 1’emploi d’outils adaptés et le choix de 1’algorithme a mettre en ceuvre
dépend de la structure du systéme en considération.

Dans ce travail, 1’approche proposée de la commande optimale décentralisée s’appuie sur la
recherche du recouvrement des sous systémes. L’exploitation de ces recouvrements s’étudient
dans le cadre mathématique du principe de ¢ I’inclusion/contraction ’ ce qui permet de définir un
modele augmenté via une transformation introduisent des redondances.

Pour mettre en ceuvre notre approche, nous avons proposé deux algorithmes : 1’un pour la
commande optimale centralisée et I’autre pour la commande optimale décentralisée suivie d’une
comparaison des performances.

Mots-clés: systemes a grande dimension, décomposition avec recouvrement, commande
décentralisée, inclusion/ contraction, systéme a trois moteurs.
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Introduction

Large scale systems are considered as very interesting area of study where most of real
industrial physical systems are found very complicated; these complications come first from the
mathematical model then analysis of this model, thus, it complicates study of such type of
systems.

Many strategies have been developed for dealing with difficulties such as overlapping
decomposition which is based on the idea of subdividing the whole system into smaller
subsystems less difficult in study than the original one. However, this technique have some
condition to apply, the challenge in such studies is to find real system comply with these
conditions.

Large scale systems are really difficult to be controlled globally without the simultaneous
development of numerically efficient algorithms for convex optimization. Our objective will be to
develop an optimization algorithm that allows us to decompose the complex systems into lower
interconnected subsystems that can be stabilized locally then conclude about global stability of the
whole system.

The algorithm developed in this research is composed of different steps

First, we have applied inclusion/ contraction principle and we have checked if its conditions are
satisfied, then we have verified the type of interconnection (weakly coupled), decomposition of
system can be done and decentralized controller is designed.

To make this work has sense; we made comparison between centralized control and decentralized
control designed for the same system.

Report of this project is composed of four chapters

In the first chapter, the control structures of large scale systems is briefly reviewed, in order to

facilitate the understanding of this work, also decomposition technique approach explained with
particular focus on the overlapping systems. At the end of this chapter, we finish up with
application of overlapping algorithm in decomposing large scale system in order to design
decentralized controller.

In the second chapter, overlapping decomposition technique is presented, where we start by
inclusion and contraction principle and then we propose conditions that guarantee contractibility
of controllers. After that we pass to optimal control with different performance index. At the end,

11



we have defined a method combine the overlapping decomposition technique with decentralized
control structure for quadratic performance index of optimal large scale system; we concluded that
this method could be advantageous in such type of systems.

In chapter three, we present examples for which decentralized optimal overlapping
decomposition technique given in the previous chapter is realizable. The first example is six
floor building system with two degree of freedom. The second is web winding system with three
motors and also two degree of freedom. The same algorithm has been applied for the two

examples.

In chapter four, we present the MATLAB’s graphical user interface which is used to interface the
algorithm developed in the whole work, then we show the detailed steps for the user to use
correctly these two simulated systems and find out successfully the results according to the need
of the user. At the end we discuss the results found for both building and web winding systems.

Finally, this work ends up with a comparison between optimal centralized and optimal

decentralized control results in which the goal, steps of the work and the results are summarized
then suggestions are made for future projects.

12



Chapter one

Control Structure and Decomposition of Complex Systems

In this chapter, the control structures of large scale systems is briefly
reviewed in order to facilitate the understanding of this work, also
decomposition technique approach is explained with particular focus on the
overlapping systems.

At the end of this chapter, we finish up with application of overlapping algorithm
in decomposing large scale system in order to design decentralized controller.

13



I.1. Introduction

In this chapter we deal with decomposition based on mathematical model for a widely known
class of complex systems. A large scale system is one of the most important classes of real
systems where the subsystems share a certain number of state variables. Such type of systems can
be studied with two different strategies; the first in which we have to deal with the whole system
as case study which is very complicated according to the structure of the system, the second
strategy is based on aggregation-decomposition where the complex system can be expanded to
larger one, then decomposed it into simple subsystems that can be easily treated.

I.2. Large scale systems (L.S.S)

A large-scale dynamical system is a system that is characterized by a large number of variables
representing it, a strong interaction between subsystem variables, and a complex interaction
between subsystems ([1],[2]), the stabilization problem of large-scale system has been one of the
most popular research topics in control systems during the last decades (see [3,4,5,11,12] ).

The structure of the controller that stabilizes large scale system is generally depending on the
structure of controlled system itself. Most of large scale systems are nonlinear; these nonlinearities
come from the interaction between states of each subsystem. In order to apply the decomposition
techniques; it is necessary to linearise it around equilibrium points (E.P).

1.3. Linearisation of L.S.S

A continuous —time nonlinear system (C.N.S) is generally described by differential equation of
the form

{)‘((t) = f(x(t),u(t),t) (1.1)

y(t) = g(x(t), u(t),t)

where

te [to , oo].

x = x(t) : is the state of the system belonging to (generally bounded) regionQ, < R".

u(t) : is the control inputs vector belonging to another (usually bounded) region ©, cR™ (often
m<n).

f,g : are nonlinear differentiable functions.

y=Yy(t) eR' : are the outputs of the system with1<1<n.

When n,1=1 the system is multi-input/multi-output (MIMO) system, while ifn=1=1, it is called
a single input/single output (SISO) system, MISO and SIMO are similarly defined [13].

In order to analyze a model described by a nonlinear differential equation of the form (1.1), we
first have to determine its E.Ps and study the behavior of the system near these points. Under
certain conditions, this behavior is qualitatively the same as the behavior of a linear system. We
therefore begin this section with a brief study of linear differential equations [14].

14
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The point Ep(x,.u,,) Wherex, eR",u, €R", is said to be an E.P of system (1.1) if it satisfies the

following equation:
T (Xeq:Ugg) =0 (1.2)

Without loss of generality, it will be assumed everywhere in this work that (x,,,u,,) =(0,0) is an

E.P of System (1.1), with f(0)=0 and g(0) =0 such that, at the equilibrium, the output is zero; this
assumption can be easily verified by change of state written in (1.2) [15].

A linear time-invariant approximation to this nonlinear system is valid in a region around the
operating point (0.P) att =t,, x(t,) =x,, andu(t,) =u,. If the values of the system's states, x(t) and
inputs u(t) are close enough to the operating point, the system will behave approximately linearly.

So to describe the linearised model, it helps to first define a new set of variables centered about the
O.P of the states, inputs, and outputs:

OX(t) = x(t) — x,,
su(t) =u(t) - u, (1.3)
SY(t) = y(0) - Y
where
OX(t) = X(t) — X,

-0
t,
=0 (1.4)

t=

ou(t)=u(t) —u,,

5y(t) = y(t) - yeq

t=

t=t,

The linearized state space equations (around the equilibrium point 0) written in terms of
ox(t),ou(t) andsy(t) are:
SX(t) = ASX(t) + Bsu(t) (L5)
Sy(t) =Cx(t) + DSu(t) '

where A, B, C, and D are constant coefficient matrices. These matrices are defined as the
Jacobians of the system, evaluated at the 0.P
of

of og

A= L e (L6)
ox o:%o:to ou 1.l Xl .0 Ulty .00

with

X, =0

{uo =0 (1.7)
By putting Sx(t) =, (t), su(t)=u,(t) and sy(t) =y, (t) ; equa (1.5) can be written as

X, (£) = Ax, (t) + Bu, (t)
{yn (t) = Cx, (t) + Du, (t) (1.8)

15



1.4. Expansion-Contraction principle

Dynamic systems can be decomposed into overlapping subsystems which have common parts
[7]; these L.S.Ss can be expanded into larger state space equations where the subsystems are
stacked on the top of each other; so a new higher dimensional system is created.
The expanded system contains the essential information about motions of the original system;
these informations can be extracted from the expansions by applying conventional technique
devised for standard disjoint decomposition [7].

1.4.1. Expansion

Consider the linearized system defined by (1.8) (withD=[0] ), where x, eR",u, e R"
and y_ < R'are respectively state, input and output vectors.

and consider the system described by

Ye =C.X,

e

{)‘(e =AX, +B,U, (L.9)

where
x, eR™,u, eR™ andy, e R" are respectively, state, input and output vectors of system (1.9).

Assumptions should be taken:

v' Weassume that n, >n,m, >m and |, >1.
v Also itis assumed that y, andy, : are measurable.

The system (1.9) is an expansion of the system (1.8) (or (1.8) is contraction of (1.9)) if there exist
full-rank transformations

T:R" > R"™

N:R" - R™ (1.10)
S:R >R

such that for any initial state x, e ®"of the system (1.8) and any input u,(t) e R™ of the system
(1.9) we have

{ Xeo =TX0 :{Xe(t;Xeo;Ue)=TX(t;X0;U),VI20 (1.11)
u(t) = Nu, (t) Ye (£, %) = Sy(t; x)

16



If the system (1.9) includes the system (1.8), then (1.9) is said to be an extension of (1.8), and
(1.8) is called a contraction of (1.9) [8].

1.4.2. Necessary and sufficient condition of expansion

The necessary and sufficient conditions for expansion are provided by the following theorems
Theorem 1 [16]

The system (1.9) is an expansion of the system (1.8) if and only if there exist full-rank
matrices T e R™ xR",N e R" x R™,S e R" xR' such that

TA=AT
TBN =B, (1.12)
sC=CT

The matrices of the original and expanded systems are related by

A =TAT' +E,
B, =TBN +E, (1.13)
C,=SCT' +E,

where T'is the pseudo inverse of T satisfying T'T =1,

T =T'T)'TT (1.14)
E, e R*™ E, e R¥™ and E. e R*"™ are constant complementary matrices.

In order for the system (1.9) to be an expansion of (1.8); the complementary matrices must satisfy
certain conditions provided by the following theorem.

Theorem 2 [16]

Let the matrices of (1.8) and (1.9) be related as (1.13); then the system (1.9) is an expansion
of the system (1.8) if and only if:

E,T =0
E, =0 (1.15)
E.T=0

1.4.3. Contraction

A dual concept of expansion is contraction; we say that system (1.8) is contraction of
system (1.9) if there exist a contraction matrix T with full row rank such that for any initial state
x, of (1.6):
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X0 =T ' % = X(t, %) =TX, (t, X, ), V1 =0 (1.16)

1.5. Control structure

Large scale systems can be found in many industrial systems because its variables (ex
pressure, temperature, and quality of production) should be controlled simultaneously; which
means there exist always interactions between them.

There are two types of variables for any industrial multivariable system

» Manipulation variables.
> Controlled variables.

Branching scheme of these variables can be done in two different ways:

1.5.1. Centralized control

In this approach the control algorithm use all measured variables to generate the
manipulation variables. Centralized control (C.C) is the traditional control method in which we
consider all the states and interconnections as a single dynamic system. For large-scale dynamic
system (L.S.D.S), the controller in a multivariable control framework is high order, which makes
it difficult to implement in real time. Feedback control is used to reject disturbance and to improve
performance. Many control strategies, such as PID [17, 18], loop shaping [19], gain-scheduling
[20], multivariable H_ control [21] are applied in C.C design in industrial practice.

1.5.2. Decentralized control

In this configuration scheme, each manipulation variable branch to one controlled variable.
It is first utilized in the industrial domain where many strategies of this type were successfully
manipulated.

When decentralized control (D.C) is applied to large scale control systems, the interactions among
control stations and the modeling are the major problems for the controller design. In the
decentralized case, the interconnections between segments are usually neglected for control design
purposes. The decentralized approach then greatly reduces the computation of hardware
requirements. The goal of the method is to design a controller, which minimizes the influence of
the remaining system and to guarantee the desired dynamics and stability of the total system.

The advantage of this method is that there are no any measurements of the quantities of coupling.
It is necessary to know where the quantities of coupling are active in the subsystem. However, the
designed control is robust against changes of the parameters in a limited range. Figure.1.1 is a 3-
tension-zone web winding system, (W.W.S) in which each tension zone is designed by a
decentralized separate controller [21].
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Fig.1.1. Decentralized control approach of web winding system (W.W.S)

There are two (02) aspects related to this type of configuration

% The simple loop of control is an independent algorithm; there is no communication between
controllers.

¢+ There exist always interactions that should be analyzed between loops (Appendix. B).

1.6. Decomposition of complex system

Systems that involve large number of variables are difficult to consider as one abject of
process. Despite the high efficiency of modern computers, the formidable complexity of a large
system can make the problem numerically intractable even with the most valuable one shot
techniques. It has long been recognized that certain complex systems made of interacting elements
can be decomposed into subsystems of lower dimensionality.

Decomposition of structural models has been one of the basic issues in the theory of large
complex systems. Besides dimensionality and uncertainty, information structure constraint has
been considered as one of the fundamental characteristics of system complexity [9]. The separate
solutions of the subsystems are combined together in some way to provide a solution system while
the decomposition principle can bring about a great saving in solution time over solving the whole
system in one piece, it is still highly dependent on the choice of decomposition’ type.

1.7. Decomposition’ types

1.7.1. Decomposition using dynamic graphs

In this method, graphs are used in order to differentiate between the subsystems without modifying
anything about the global system or its mathematical structure.
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A "dynamic graph" is one of the most important methods that allow us decompose a complex
system:

+ The dynamic graphs

Let us consider the couple G(v,E) with
V :isaset of vertices V.
: represents a set of edgese; .

m

{V =(V,Vy,es V) (117)

E=(e,6,,....¢)

G : is nonlinear function relates V and E , for m=3,1=2; equa (1.17) is written as

{Vz(Vl,VZ,V3)

E=(e,e,)
and can be represented by

Fig.1.2. Example of dynamic graph

«» Associated matrix of the directed graphs

It is a Boolean matrix A(aij) that can represent the directed graph, where:

{1 if there exist an oriented arc

1.18
0 elsewhere ( )

a;

+«+ Strong connectivity

We say that two components v; and v, are strongly connected if there exists —at least-

one direct path fromv, returning to v; and passing throughv,, and {vi ,vj} are considered as one
strongly connected component.

+«+ Algorithm of dynamic graph decomposition

e Find all the strongly connected components S;,S,,..., S, of the directed graphs.

e Condensate the directed graphs (D) according to the strongly connected components.
e Use the topological order algorithm to reorderD.
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e  After that the associated matrix of the model is written in diagonal form, and we can say
that the modal of the system is decomposed.

1.7.2. Bordered Block Diagonal (BBD) decomposition
Any sparse system can be reordered in the Bordered Block Diagonal form (at least, in
principle), identifying an appropriate permutation matrix turns out to be a difficult graph-theoretic
problem.
Consider the nonlinear system described by

x=f(x)+Bu (1.19)

where f eR" xR" is a differentiable function that satisfies f (0)=0.
As explained in section (1.3), this system can be linearized around equilibrium point ( x,) to find

X=Ax+Bu
1.20
{ o (1.20)
where A= Jacobian( f (x))|X:Xo (1.21)

In the following we will present an algorithm that simultaneously permutes matrices A, B and C in
a way that induces a suitable BBD structure for the gain matrix. An important feature of this
algorithm is that the resulting diagonal blocks have approximately equal sizes (such
decomposition is said to be balanced) [6] and can be applied for strongly coupled systems as well
as weakly coupled one.

The decomposition algorithm consists of three steps, the first of which is designed to provide an
initial partitioning where the border is larger than any of the diagonal blocks. The border is then
recursively decreased in Step 2, until only two large blocks remain. This procedure is repeated
within each new block, ultimately producing a multilevel nested BBD structure. In the final stage
of the decomposition, the local borders from the different levels are aggregated into a single
overall border. This ensures that all diagonal blocks in the matrix will have approximately equal
dimensions.

Structures of this type are highly desirable from a computational standpoint, since they minimize
the communication overhead, and allow for an equal distribution of the workload among different
processors and/or controllers.

We took the assumptions that the matrix A(a;) is sparse and symmetric, which means a; #0 if
and only if a; #0
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Step 1

The first Step in the decomposition requires the construction of an initial border setB,,
which is defined as

By, ={x € X :deg(x,)>d, } (1.22)

where

d, :isa preselected threshold value.

m

N,... . 1S chosen freely, maximal allowable block size.

max

The only restriction is that N, <|B,| (this constraint secures that the border is larger than any of
the diagonal blocks).

Step 2

After Step 1 is executed, the original graph is decomposed into a border set B; and a number
of disjoint blocks whose size does not exceed (N, ). The objective of Step 2 is to recursively
decrease set B, for as long as at least two diagonal blocks remain. The procedure is then repeated
within each individual block, thus creating a multilevel nested BBD structure.

Step 3
The procedure executed in Step 2 is controlled by a decomposition graph which contains all
the necessary information about the nested border and block sizes.
1.7.3. Decomposition using gain matrix
«» Epsilon (& )decomposition
In the context of dynamic systems, epsilon decompositions are closely associated with the notions

of expansion and contraction [7]. The algorithm for identifying epsilon decompositions can be
applied to nonlinear dynamic systems of the form

x= f(x)+Bu (1.23)

where f eR" xR" is a differentiable function that satisfies f (0)=0.

The basic idea in this case is to decompose the Jacobians f(x) (evaluated at the origin), consider
the permutation matrix V (n, xn) where (n, >n)such that
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Vf (0)= AV (1.24)
We can always construct a mapping f, :R™ xR"™ such that:

f(V,)=VE(X) , VxeR"
and f.(0)=A

If we define now: h(x,)="f.(x.)-Ax , B, =VB

So, the system will be
X, =ApX. +&A: +h(x,)+Bu (1.25)
where
X, (1,1, VX)) =VX(t, 15, X,)

foranx, e R".

When this condition is satisfied, we say that system (1.25) includes (1.19). It is important to
recognize that this decomposition is highly desirable when dealing with L.S.Ss, since the block-
diagonal structure of A can be readily exploited for the design robust Decentralized controllers.

» Input—Output Constrained Decompositions

It is desirable that each diagonal block of the gain matrix A have at least one input and
one output associated with it. When this is the case, the subsystems defined by bloc
A, (i=12,..,N) are said to be input/output decomposition.

In the case of epsilon decomposition, this property can generally be ensured by reducing the value
of parameter &, which leads to larger blocks in matrix A, (and therefore increases the likelihood
that the corresponding blocks of Band C will be non-empty). It is important to recognize,
however, that BBD decompositions do not allow for this kind of flexibility, since ¢ is set to zero
by default. In order to resolve such problems, it is necessary to simultaneously permute matrix A
into the BBD form and secure a compatible nonzero structure for matrices B andC .

The algorithm described in this section shows how such an objective can be accomplished in a
systematic manner. We will assume that V = X uU UY consists of three disjoint sets of vertices

The state set X ={X\ Xy e Xy }
The input set U={u,Uy,...u}
The output set Y ={¥1, Yoo Yo

then
(x,x;)eE ifandonlyif a;#0

(x,u;)eE ifandonlyif b, =0
(x,y;)eE ifandonlyif c;#0
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As in the previous section, we can assume without loss of generality that matrix A is structurally
symmetric; if that were not the case, we could simply use A+ A" to obtain the decomposition. The
proposed algorithm can now be described by the following sequence of steps

Step 1

The decomposition is initialized by identifying the shortest path from every input vertex to an

output vertex. If any outputs remain unvisited at this point, the procedure is reversed with these
outputs as the starting vertices. The initial graph is then formed as a union of the obtained paths.

Step 2

The second step begins by forming incidence sets

X ={x, eX:(x,u)eE} (1.26)
and

X ={x eX:(x.,Y)eE} (1.27)

for each u; eUand y, €Y the union of these sets:

m q
X:{pr}u{ny)} (1.28)
i=1 i=1
is then added to the graph obtained in Step 1.

If there are any elements x,x; € X such that(x,, x;) e E; these edges are added to the graph as
well. Once the new graph T is formed, its disjoint components

[ =X UY (i=12..,k) (1.29)

are identified (note that by construction each set I', contains at least one input and one output
vertex).
It is important to recognize at this point that all vertices x, e X that are incident to some input or

output have been included in setsT,;(i=12,..,k) . Vertices x eI" constitute setX., which
represents a separator for the graph (this implies that the removal of X_ from the overall graph
results in disjoint setsT'; ).
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Step3

In most problems, the separator X. is large and needs to be reduced in order to obtain a
meaningful BBD decomposition. To perform the necessary reduction, we first need to identify a
subset of inputs and outputs that we wish to associate with the border block. For simplicity, let
those inputs be contained in sets T', , and T', we then, form the initial border B, as the union of

setsX_,T',, andT',, The remaining sets T’ (i=12,..., k —2) obviously represent the corresponding

initial diagonal block, and the vertices of X, are now reconnected to these blocks one by one. The

order in which the reconnection proceeds is determined by the same greedy strategy that was
described in the previous section. As in the case of balanced BBD decompositions, the
reconnection continues for as long as at least two diagonal blocks remain.

e Reconnecting any further vertices from the border would require merging blocks 1 and 2. In that
sense, the obtained border is minimal.

e The decomposition secures that each of the diagonal blocks has at least one input and one output
associated with it, since only vertices belonging to X. are reconnected. In addition, the

preselected inputs and outputs remain associated with the border block.

e The reconnection scheme uses the same data structures and tiebreaking criteria as the one
described in the previous section.

e The fact that each diagonal block has at least one input associated with it does not automatically
guarantee controllability, or even input reachability. Along these lines, we should note that it is
possible to construct a graph that its input is reachable, but generically uncontrollable due to
dilation.

1.8. Summary

In this chapter, we first start by definition of large scale systems. Then we gave a whole
description of expansion — contraction technique applied for linearised complex systems, and then
we passed to most famous control structure applied for such kind of systems, after that we showed
a brief review of different decomposition’s types such as epsilon decomposition, BBD
decomposition and overlapping decomposition.

Finally, we concluded that it is possible to mix decomposition technique for appropriate control
structure to solve the complexity problem of large scale systems.
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Chapter two

Overlapping Decomposition and Optimization Problem
of Complex Systems

In this chapter, overlapping decomposition technique is presented, where
we have started by inclusion and contraction principle and then we propose
conditions that guarantee contractibility of controllers. After that we pass to
optimal control with different performance index.

At the end, we have defined a method that combine the overlapping
decomposition technique with decentralized control structure for quadratic
performance index of optimal large scale system; we have concluded that this
method could be advantageous in such type of systems.
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11.1. Introduction

Most of industrial systems can be described by large-scale models. There is a great deal of
interest in performance analysis and control synthesis for L.S.Ss. A key practical consideration in
designing a controller for this type of system is to rely on local information as much as possible.
D.C theory was introduced in the previous chapter to address this consideration, and reduce the
complexity of the control implementation for L.S.Ss. A decentralized controller consists of a
number of isolated local controllers corresponding to the subsystems of the L.S.S. local control of
lower dimensional subsystems increases system robustness with respect to a wide variety of
structured and unstructured perturbations.

Decomposition is a prerequisite for D.C, breaking down a large system into a number of
subsystems of lower dimensions. There are decomposition methods for L.S.Ss convenient for
parallel computations, such as nested epsilon decompositions, balanced BBD decompositions (see
section 1.7)

When the system represents a structure of distinct interconnected elements (subsystems) which
have physical meaning such as electric power networks, then in addition to the numerical
simplification, the decomposition provide information about the important structural properties of
the system. On the other hand, a reason for decomposition can be entirely numerical, in this case
various transformations before and after decomposition can remove all physical meanings of the
variables involved , and only the final solution of the overall system is to be of the variables
involved , and only the final solution of the overall system is to be interpreted.

11.2. Overlapping decomposition
To formally introduce the notion of overlapping, let us consider a linear (linearized) system
S: X=Ax+Bu (2.1)

where x(t) e R" is the state, u(t) e R™ represents the input, and matrices Aand B have the
structure:

e -—--4

B,, (2.2)
A TR, A, B, |B

where x: is composed of three components x,, x, and x, with dimensions n,,n, and n,, so
thatx=(x',x;,x} )" and n=n, +n, +n,[25].
where the sub matrices A, have dimension (n, xn;), i, j=1,2,3.

The structural constraints on the gain matrix of a L.S.S always follow the structure of the system
itself.
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K 0 0 Ky [k 0 Ky 0 Ky
K 0 Ky 0 | K= 0 RS 0 B | B

0 0 K33 0 0 K_;_; K;] sz K%}
1 _ _ 2 3
Fig.2.1. Structural constraints on the gain matrix A, 1: block-diagonal gain matrix structure. 2: An
overlapping gain matrix structure. 3: BBD gain matrix structure.
T:R" > R"

Now, let us introduce the transformation matrices {N n_y gam such that
. —> €

TA=AT
TBN =B,

(2.3)

In order to apply decomposition, it is necessary to derive the overlapping system (2.2) into non-
overlapping system written as

Ay Ayl 0 A, B! By
A=l B2i 0 Aol g |Ba By (2.4)
Ay 0 ! Ay Ay By ! By
A, O : A, Ay B! By
to do this, we chose complementary matrices as
0 A12 _A12 0
0 - 0
EA :1 A22 AZZ (2.5)
210 _Azz A22 0
0 _Asz %2 0
S0 (2.3) can be written as
A =TAT' +E, (2.6)
B, =TBN +E, '

Now, we arrange the three components of the state x into two overlapping components
x, =(x ,x)) andx,, =(x],x] )", which we use to form a new vector x, =(x,x},)"and induce an
overlapping decomposition of A as indicated by dashed lines in (2.2). By the linear
transformation, the vector x, can be written as:

X, =Tx (2.7)
where T is the n, x nmatrix defined by:
L, 0 0
o1, O
T= 2 (2.8)
01, 0
0 0 I,
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and n_=n +2n, +n,and 1,1,,1, are the identity matrices with dimensions corresponding to the
components x,x,and x,of x [26].
The matrix T' =(T'T)™T" is chosen as the pseudo-inverse of T

T'=/0 51, 51, 0 (2.9)

andT'T =1,.
The expanded system S, can now be connected into two interconnected subsystems S, and
S.,defined by:

{ Sel : Xel = &llxel + '%12 Xe2 + Belluel + Be12ue2 (2 10)

Sep i X = ApiXe + A Xep + Bpylyy + Byl

where

TACAT] , [0 A A, 0 A A
A‘*“‘[Aﬂ Azj’ A [0 AJ’ 2 [Aﬂ 0}’ & [Aaz AJ

with A_,, A, are interconnection matrices as it is shown in Fig.2.2 [27].

I_|1 > Z1 |
5, g
- - o
Y, S,
interconnection
J— L|2 I Zz
5;
- — -
Y5 <
2

Fig.2.2. Representation of system (2.10) with its interactive blocks.

By comparing (2.10) with (2.4) we conclude that the disjoint decomposition of the expanded
matrix A, corresponds to the overlapping decomposition of the original matrix A as indicated by
the dashed lines.

The class of expanded system S, , which corresponds to the system S, can be obtained by choosing
appropriately the transformation matrix T and the complementary matrix E,, .
E.T=0
E,.E, Should be chosen such that{EA 0
B =

If we choose the matrices T and E, to be:
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I, 0 0 o 0 0 0

, 0 0 O
0 51, 0 ' 5 5 -5 -5

-I- — 2 TI — O I2 |2 0 EA - AZl A22 A22 A23 (211)
0 51, 0 o 0 0 | ~-5A, —-5A, 5A, 5A,
0 0 I, : 0 0 0 0

) P00 (2.12)

The two distinct expanded matrices (2.4) and (2.12), which are obtained from the same matrix
(2.2), are characterized by the identity of their diagonal blocks. This means that the decomposition
of the expanded systems results into identical decoupled subsystems [7].

11.3. Optimal control

Optimization is a very desirable feature in day-to-day life. We like to work and use our
time in an optimum manner, use resources optimally and so on. The subject of optimization is
quite general in the sense that it can be viewed in different ways depending on the approach
(algebraic or geometric), the interest (single or multiple), the nature of the signals (deterministic or
stochastic), and the stage (single or multiple) used in optimization. As we notice that the calculus
of variations is one small area of the big picture of the optimization field, and it forms the basis for
our study of optimal control systems. Further, optimization can be classified as static optimization
and dynamic optimization.

» Static Optimization
It is concerned with controlling a plant under steady state conditions, i.e., the system’s
variables are not changing with respect to time. The plant is then described by algebraic equations.
Techniques used are ordinary calculus, Lagrange multipliers, linear and nonlinear programming.
» Dynamic Optimization
It concerns with the optimal control of plants under dynamic conditions, i.e., the system variables

are changing with respect to time and thus the time is involved in system description. Then the plant is
described by differential equations.

11.3.1. Formulation of the optimal control problem

The “optimal control problem” is to find a control u” €U which causes the system
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{X(t) = f(x(t),u(t).1) (2.13)
y(t) = g(x(t),u(t),t)
to follow a trajectory x” e X that minimizes the performance measure
J =h(x(t, ),tf)+jgo(x(t),u(t),t)dt (2.14)
)

where
X(t) :isa nxlstate vector.

u(t) :is px2linput vector.
f :isavector- valued function.

11.3.2. Performance index (P.l) of familiar optimization problems

«» P.l for Time-Optimal Control System

We try to transfer a system from an arbitrary initial state x(t,) to a specified final state
X(t;) in minimum time. The corresponding P.I is:

t
J=[dt=t, -1, (2.15)

)
« P.I for Fuel-Optimal Control System

Consider a spacecraft problem, Let u(t) be the thrust of a rocket engine and assume that
the magnitude |u(t)| of the thrust is proportional to the rate of fuel consumption. In order to
minimize the total expenditure of fuel, we may formulate the P.I as

J= j|u(t)|dt (2.16)

For several controls, we may write it as

J= j i R, [u; ()[dt (2.17)

t i=1

where R: is a weighting factor.
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«» P.I for Minimum-Energy Control System

Consider u,(t) as the current in the i" loop of an electric network. Then > u?(t)rdt

i=1
(where r. is the resistance of the i" loop) is the total power or the total rate of energy expenditure

of the network. Then, for minimization of the total expended energy, we have a performance
criterion as

J =j_zm:uf(t)ndt (2.18)

t i=1

or in general

J= j u(t)" Ru(t)dt (2.19)

where R : is a positive definite matrix.

Similarly, we can think of minimization of the integral of the squared error of a tracking system.
We then have;

J= j X" (H)Qx(t)dt (2.20)

where x, (t) is the desired value, x,(t) is the actual value, and x(t) = x, (t) — x, (t) , is the error.
Here, Q is a weighting matrix, which can be positive semi-definite.

¢ P.I for Terminal Control System

In a terminal target problem, we are interested in minimizing the error between the
desired target position x, (t;) and the actual target position x, (t,) at the end of the maneuver or at

the final timet, . The terminal (final) error is x(t, ) = x, (t; ) — X, (t;) .

Taking care of positive and negative values of error and weighting factors, we structure the cost
function as

J=x"(t,)Fx(t,) (2.21)

which is also called the terminal cost function. Here, F is a positive semi-definite matrix [28].
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«» P.I for General Optimal Control System

Combining the above formulations, we have a P.I in general form as

1 1t :
I=5x (tf)Fx(tf)+E_£[x (HQX(t) +uT (HRu(t) |t (2.22)

or

J=S(x(t,)t, )+ jV(x(t),u(t),t)dt (2.23)
)

To give the state x (t) that optimizes the general P.l defined by (2.23) with some constraints on the
control variables u(t) and/or the state variables x(t) . The final time t, may be fixed, or free, and the

final (target) state may be fully or partially fixed or free. The entire problem statement is also
shown pictorially in Figure 2.3.

Optimal Control System

¥ L *

Plant Cost Function Constraints

| |

>
u*(t) ult)

(a) Minimum (b) Maximum

Fig.2.3. Optimal control problems

I11.4. Inclusion-contraction of optimal systems

Extension-contraction technique (explained previously) can be applied for performance
indices of optimal control systems.

Consider the system S defined by (2.1), with which we associate the P.I:
J =‘[(XTQx+uT Ru)dt (2.24)
0

where
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Q : is positive semi-definite matrix.
R : is positive definite matrix.

Consider also the system S, defined in (2.10), with which we associate the P.I

J, =J'(xeTQxe +u. Ru,)dt (2.25)
0

. . . . . . T:R" > R"™

The pair (S,,J,)includes the pair (S,J)if there exist transformation such that
N:R™ > R"
S.includes S
i.e:
Tl
Xt %, NU,) =T, (6T, U,) forallt>0 (2.26)
‘](XO’ Nue):‘]e(TXO’ue)

for any initial state x, € R"and for any input u, € R™ [29].

11.5. Contractibility of controller

We can design decentralized optimal controllers for the original system by formulation of the
concept of the inclusion principle presented in the previous chapter and extend it to the original
system. This requires a contraction of the controllers that are calculated in the extended spaces,
they are to be implemented in the original spaces. Some necessary and sufficient conditions have
to be satisfied to contract these controllers. In this chapter we are going to present them. Dynamic
controllers are considered as dynamic systems whereas static controllers are just gains that are fed
back from the output.

11.5.1. Problem statement

Let us consider the LTI controller for the system S described by

- {ZzF”Gy 2.27)

v=Hz + Ky

where z e R"is the state and veR™ is the output of the controller ¥ ; the output v of ¥ is applied
to the input of the system S in order to control it; i.e:
u=v
Also, consider the LTI controllers:
2.=F.z. +G_.y.
L O Ya i=12,..,n (2.28)
Vei = Hei Zi + Kei ye

34



For the decentralized system described by (2.28) z,, e :®™ are the states and v, e R™ is the output
of the i" decentralized controller ¥, and mis the dimension of the i" input n_, of the system s, .

The output v,, is applied to the i"input of the system S_ for control purposes.

(2.29)

U; =v,, ,1=12,..,n

el

i=12,..,n,canbe

ei?

The overall expanded controller, which consists of decentralized controllers ¥

compactly described as

2,=Fz,+G

. . e e-e eye (230)
v, =H,z, + K.Y,

where the dimension pof Wis less than or equal the dimension p, of¥,; this is reasonable
because S is a part of S, and should not require larger dimension controller.

7, =2, 20,,...2}, |

v, =[veTl,veTz,....,veTn]
F, =blockdiag(F,,F,,,..., F.,
G, =blockdiag(G,,,G,,,...,G,,)
H, =blockdiag(H,,,H,,,....,H,,)
K, =blockdiag (K, K,,,...,K,,)

) (2.31)

The controller (2.28) is contractible to the controller (2.27), if there exist full rank transformation

T: R >R
N:R™ > R"
M:R”* > RP

such that for any initial state x, e R"of the system S, for any input u,(t) e R™,0<t<oo0f the

system S, , and for any initial state z,, e ®™ of the controller ¥, It satisfies:

Xy = 1%,

Z(t;zo’yvu):Mze(t;ZeO’ye’ue)
t)=Nu_(t) Vt>0 Vt>0
1O =Nu O j{ Uz, =Ny, (62,,,) (2.32)
Zonzeo

Note that, since the controller is designed in the expanded spaces u,(t) must be arbitrary

(otherwise, there will be restrictions on the controllers that could be designed) [8].
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11.5.2. Necessary and sufficient conditions for contractibility of controllers

» Theorem (1)

Suppose that S, is an extension of Sand that the controller ', is contractible to the controller
¥ .Moreover, suppose that the controller ¥ is applied to the system S and that the controller W, is
applied to the system S, .then , stability (respectively asymptotic stability) of the expanded closed-
loop system (obtained by applying ¥, to S,) implies the stability (respectively asymptotic
stability) of the original closed —loop system (obtained by applying W to S).

The controller (2.30) is contractible to the controller (2.27), if and only if there exist full-rank
matricesT e R™", N eR™™ and M e R"™ such that:

FM = MF
GCA’' =MG,C AT vj=0,1,2,...n
GCA'BN =MG,C,A/B,  Vj=0,1,2,..n
HM = NH,
KCA' =NK,C, AT Vj=0,1,2,..n
KCA'BN =NK,C,AJB,  Vj=0,1,2,...n

(2.33)

These conditions can be reduced to simpler ones if the extended system is an extension of the
original system [30].

» Theorem (2)

Given that the system S, is an extension of the system S, the controller (2.28) for the
system S, is contractible to the controller (2.27) for the system S, if there exists a full rank matrix

M e RPP such that:

FM = MF,
BC = MG,SC
HM = NH,
KC = NK,SC

(2.34)

where

N eR™™ and S eR*" are the matrices satisfying (2.32) and (2.33) [30].
» Theorem (3) [30]

If the system S, is an extension of the system S, then any controller of the form (2.28) for
the system S, is contractible to a controller of the form (2.27) for the system S with
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F=F

e

G=G,S

§ (2.35)
H=NH,
K =NK,S

11.5.3. State feedback control (S.F.C)

Consider the control laws u=Kx and u, =K x, for the system Sand the extended system
S, respectively. The control law u, =K, x, is contractible to the control lawu=Kx, if there exist
transformation T,N defined by (2.32) such that Kx(t;x,, Nu,)=NK_x,(t;Tx,,u,) Vt>0for any
initial state x, e R"and any inputu, (t) e R™, VO<t<oo [31].

11.5.4. Sufficient condition for contractibility of S.F.C

A sufficient condition for controllers’ contractibility for the case of state feedback control
is provided by the following theorem

» Theorem (4) [32]

If S, is an extension of S then any control law of the form (2.30) is contractible to a control
law of the form (2.27), and K is given by:

K =NK.T (2.36)

Fig.2.4. Structure of gain matrix K [33].

11.6. Optimal overlapping systems
As described in section 11.2 an overlapping system is complex system where one or more

of its subsystems share a certain number of state variables with other subsystems. To formally
introduce the notion of overlapping in optimization, let us consider a linear (linearised) system
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{)‘((t) = Ax(t) + Bu(t)
y(t) =Cx(t)

A nxn matrix.
B : nxm matrix.
C : Ixn matrix.

(2.37)

In this section, we will focus on two overlapping subsystems. Consider the system S defined by

(2.1). Suppose also that the state, input and output are partitioned as

u=[uf,u§,u§]T, u eR™,i=1,2,3
x=[xf,x;,x3TT, x eR",i=12,3

yz[yf,yg,y?T]T, y, eR",i=12,3

where A, B and C has the form

Ar Ap i As B, B,iBy, Cu Cp 1 Gy
A=Ay 1Pt A | B=IBy 1By i Byl C=1Cy Gy iCy
A’rl ;A32 A33 BSl ; BSZ B33 CSl :C32 C33

Let us associate a rectangular matrices T(n,xn) , N(nxm,) andS(l, xn)
(n,=n, m=m, I, 21)

b l, 0 0 0 WO
0 1, n 0 |,
T= © O lUN=l0 1, 1, 0] s= :
l, e 0 I
2 0o 0 0 I, :

0 I : 0 0 I

where

(2.38)

(2.39)

. where

(2.40)

l,,1, and 1, : represent identity matrices with dimensions corresponding to the subsystems

n o

A,, A, and A, respectively.
Now, we can identify the new system as
{)‘(e t)=Ax () +B,u,(t)
Ye (1) =C.x. (t)
where:
A =TAT' +E,

B, =TBN +E,
C, =SCT' +E,

(2.41)

(2.42)
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This implies that:

1 1
0 A, oA, 0
A A, EO Ay 0 1 1 0
_ Ay A, EO Ay _ Aun A . _ ZA22 ZAZZ
A= -t = with E, = (2.43)
A, 0 '{\zz Ay Ax Ay 0 _EAZ lAz 0
2 2
A, 0 A, Ay 2 2
1 1
0 —SA, SA O
with
B, By, i B, By
g - on B2iBz By {Beﬂ Bﬂ (2.44)
By By ! By, By B..i B
| By, By i By By
and E; =0
_Cn Cp i 0 C;
C, = _(_:gl___(_:z_z_ii__o____c_zg_ :|:Cell Ce12j| (2.45)
C21 0 :sz Czs CeZl e22
_C31 0 :sz Cas
0 Cp Cp, O
0 ic, -iC, O
with E, = 21 |
0 —ECZZ c, O
0 1C32 1C32 0

Let us now assume that the expanded system s, can be stabilized with a D.C Law
u =K, x,where

Kay 1 00
K, =KV z{_ e Dy C } (2.46)

K. : Represents an overlapping Controller, which is decentralized controller in the expanded
space.
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Equation (2.46) can be contracted to get the gain matrix of the form below [29]

K, K,'O0
K, :P_ﬂ_____lz__:____} (2.47)

The inputs and outputs of the expanded system are related to those of the original system S by:

u u y Vi
uel :|:u1j|’ ueZ =|:u2:|' yel :|:yl:|’ ye2 :|:y2:| (248)
2 3 2 3

11.7. Optimal decentralized feedback control

Many of today’s technological and social problems involve very complex and large
dimensional systems. For such large dimensional systems, it is usually necessary to avoid
centralized controllers due to a number of reasons such as the cost of implementation, complexity
of on-line computations, complexity of controllers design, and reliability. In such situation, a
decentralized overlapping feedback structure may be imposed.

A decentralized controller can be designed as a feedback controller which consists of independent
control stations, each of which use the measurements data y,and influences the control input

u,only of the attached subsystem. The control laws, which describe how u, has to be chosen for
giveny,, are independent of each other. The information flow from the plant through the controller
back to the plant is divided into separate flows through the control stations.

Despite considerable efforts and large number of new results in the theory of L.S.Ss, the
fundamental problem of optimal D.C has remained unsolved. The simple reason is that the
decentralized information structure constraints have not been successfully incorporated in any of
the standard optimization frameworks. It should be noted that the optimal decentralized controllers
are designed in the expanded system and not in each subsystem.

11.7.1. Optimal output feedback control

The optimal control problem in modern control theory is usually given in the form of
minimization of some performance index or a cost function constrained by the state model of the
system. In this section we are going to derive necessary and sufficient conditions of optimality for
the expanded system and we will recognize that the optimal control designed in the expanded
system is contracted to an optimal D.C for the original system.

Let us consider the cost function for the original system

J=[(X"Qx+u"Ru+2"Vz+2"Wz +2x"Uz + 2u" Y2 dit (2.49)

O =8

where
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Q,R,V,W,U and Y are appropriately dimensioned constant matrices such that

- [Q U . [R ¥
Q_{ V}and R_[YT W} (2.50)

are respectively symmetric positive semi-definite and symmetric positive definite matrices, xand
uare respectively state and the control vectors of the system S,zis the state vector of the
controller .

Also, consider the cost function for the expanded system

J, =J'(xeTQexe +U, RuU, +2'V,z, +2,'W. 2 +2x.'U z, +2uY,2, )dt (2.51)
0
where

Q.,R.,V,,W,,U, and Y, are appropriately dimensioned constant matrices such that

e’ e’

N Qe Ue
Qe _|:UeT vV :| (252)

e

IS a symmetric positive semi-definite matrix with:

R, =blockdiag(R,,R,,,..,R,;), Ry e R™ ™ i=12,..,n
W, =blockdiag(W,, ,W,,,....W,;,), W, e RP* i=12,..,n
Y, =blockdiag(Y,,,Y.,,...,Ys,), Yy € R™ P 1=12,..,n

e

where m, is the dimension of the i" control input of the system (2.1) and p,is the dimension of
the i" decentralized controller ¥, described in (2.28) and

ei’

5 Rei Yei -
R, :[Y; w } i=12,..,n (2.53)

ei

are symmetric positive definite matrices, x,and u, are respectively the state and the control vectors
of the systemsS,, z,is the state vector of the controller Ww,[4]. Now, assume that S, is an
extension of S [30].

A. Initial problem

Our objective is to find F,G,Hand K of the controller that minimize J such that the

closed loop control system
SC:[X}Z[AJF BKC BH:|[X} (2.54)
Z GC F ||z

with J(F,G,H,K,%,,2,)<J(F,G,H,K,%,2), V(F,GH,K)eQ (2.55)
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B. Expanded problem

Find F,,G,,H.,and K, of the controller ¥, that minimizes J, such that the closed loop
control system

X +BK.C, B.H,| X
Sec: 'e — 'A% e e~e e e e (256)
Ze GeCe FE‘ Ze
is asymptotically stable.
with
J.(F.,G,,H,,K,,%,,2,)<J.(F.,G,,H,,K,,%,,2,), Y(F,G,, H,,K)eQ, (2.57)

J.(F,,G,, H,,K,, X, Z,) : denotes the value of the cost function (2.51) for the closed-loop system
(2.56) with initial state[ x|, z}, ] .

To progress this, we must convert the expressions of the performance indices to a standard
expression that is LQR problem to derive the necessary conditions of optimality. Let us introduce
the following system

S, : 7 i21,2,n (2.58)
yel = Aeike
where
% =[x 2l 22
Oy =[uf. 23 " i=12,..n
9ei :I:y;’z;]-r 1i:1121""n (2.59)
A, =blockdiag(A,,0,., )i=12,...n
C,, =blockdiag(C,;,A,),i=1,2,..,n
and

A =0

i-1 ’Ipe’o v y |=1,2,...,n
pexz Pej Pe x z Pej
j=1 j=i+l

We define also:

A

B, =blockdiag (B, 1,)
C. =blockdiag(C,, 1)

Now, the closed loop system S, defined by (2.58) is equivalent to the closed loop system defined
by applying to the system S_, the decentralized static feedback law defined by

0, =K., i=1,2,..,n (2.60)
. Kg Hg
where Ky { “ e'] i=12,..,n (2.61)
Gei Fei
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Hence, we have converted the expanded problem into finding a stabilizing decentralized feedback
gain matrices K, (i=1,2,...,n) for the system S, which minimize the cost function

0

= (A;rQA),z +Z i e el)dt (262)

i=1

O ey

with
Q, and R, are as defined before in (2.52), (2.53).

If we assume that the extended system is stabilizable under the closed loop structure, the optimal
cost for the expanded problem is

‘]: (Xeo ’ ZeO) = trace(Pe )290) (263)
where
e0 )A(eo)A(eo
)A(eo = XeTo Z:o
and p, is the solution of:
OIP +P®, +Q, +C/K/RK.C, =0 (2.64)
where
o, = '8% + Z éei Kei éei (2.65)
i=1

., [K, HT - [R VY,
K, = R, =
GE FE Ye We

Necessary conditions for K to be an optimal solution is:

=trace[Pe>2e0 + LeAeJ (2.66)
for i=12,..,n, where A_is the left-hand side of (2.65) and the Lagrange multiplier matrix
L, satisfies
®,L, +L®] +X,=0
The condition (2.66) can be reduced to:

=trace[Le PER G + %Leégkgéekeée}o
or
é’: :trace[LePeB KeICel + LGC; KEI Rel KEICGI:| 0
5K, 2
equivalently
Je =BIRLC] +RK,C,LCI =0 fori=12,...,n (2.67)

Hence, assuming that C_ L C is invertible, the matrices of the optimal controller are given by:

N K H, A
K, {G‘*' - }——R‘lBT PLCIL(C,LC)Y, i=12,..,n (2.68)
Where the Lagrange multiplier matrix L, satisfies
@,L, +LD +X,=0 (2.69)
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Therefore, the optimal expanded controller can be found by solving simultaneously the three
nonlinear equations (2.64), (2.67) and (2.69) [4]
For static controllers the previous equations is reduced to:

®'P+P®+Q+C K'RKC =0
V,J=B/PLC] +RK,C,LC] =0

(2.70)
K, =-R'B/PLC/ (C,LC[)"
OL +LD" + X, =0
where
®=A+> BKC, (2.71)

i=1
Since in many applications X (0)may not be known, we usually do not minimize the P.I but its
expected value:

E{J}z%E{f(eT (0) P %,(0)} =trace(P, X, (2.72)

where the symmetric matrix X_,is equal to:

X =E{& (0) %,(0)} (2.73)
which is the initial autocorrelation of the initial state. Furthermore, we assume that the initial states
are uniformly distributed on the unit spheres, then X, =1 (the identity). By solving these
equations we obtain the optimal controller W, which satisfies the necessary condition of optimality

for the extended system. The following theorem shows that this controller can be contracted to get
the controller ¥ that satisfies the necessary conditions of optimality for the original system.

> Theorem (5)

Let S, be an extension of Sand T,Nand Sto be the transformations satisfying the
conditions of extension. Suppose that the controller W, described in (2.30), stabilized the system
S. and that the matrices F,,G,,H,and K, of W, satisfy the necessary conditions of optimality for
the initial state vectors x,, =Tx,and z,, = z,for some x, eR" and z, e R".
suppose that rank(N[K,MH, ]) = rank ((K,MH, ])

where

M, =blockdiag(M, I )
N, =Dblockdiag(N, I )

K,,R.: are as defined in eq (2.65) and R as defined in eq (2.50), also let the remaining weighting

matrices.
Q,U and V be chosen such that:

u=T'U,
Q=T'QT
V=V

e

then,
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F=F

G=G,S
H =NH,
K =NK,S

stabilizes the system S, the matrices F,G,Hand K of W satisfy the necessary conditions of
optimality for the original problem with initial state x,and z,, and

‘] :(Fva H' K’XO’ZO):‘Je(Fe’Ge' He' Ke'XeO7ZeO) (274)

11.7.2. Optimal state feedback control
> Definition 1

Let Kand K, be such that A+BKand A +B,K, are asymptotically stable, then the pair
(S,,J.) includes the pair (S,J)with respect to the feedback control laws (Kx, K x,)if there exist
transformations T:R" > ®R™; N:R™ - R"such that S includes S, K,x,is contractible to
Kx and:

J (%, Kx) =3, (Txy, KX, )
for any initial state x, e R".
The matrices of J and J, can be related as

R, =NTRU + N,
where M, and N, are constant complementary matrices [8].

{Qe =(T')'QT" +M, (2.75)

> Theorem (6) [34]

If S, is an extension of S,K =NK_T , and K, is such that: A + B,K, is asymptotically
stable, then the pair (S,, J,) includes the pair (S, J)with respect to (Kx, K,x,)if and only if:

TT (Mg +KINGN,)T =0 (2.76)

11.7.3. Overlapping decentralized optimal feedback controller
The decentralized controllers of the system S_ are:

2y =Fyzy + |:Ge11 Giz ] Yer

o u __Hell_z " Klll Kllz
- H1 el Kl Kl yel
L "e2 ] 21 22

) , (2.77)
Zez = FeZZeZ + [Gel Gez] yez
e, ! u. = He21 7+ K121 K122
e2 — H 2 e2 K2 K2 e2
L' e2 | 21 22

These decentralized controllers can be now contracted for implementation on the original system
to the controller ¥ defined by
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4] _ Fa O Z " Gell Gelz 0 ;ll
z, 0 F,llz 0 Gezl Ge22 yz

3

v H: 0 Kelll Kellz 0 (2.78)
u el z 1 yl
|:u1 :| = Hel2 He21 |:Zl :| + K:21 E (Ke122 + Kezll) Kele y2
2 O HeZZ 2 O K 221 K 222 y3

This satisfies the information structure constraints imposed by the two overlapping subsystems
s,ands, .

From the previous theorem we note that if the controller achieves asymptotic stability and satisfies
the optimality conditions , then the contracted controller achieves asymptotic stability and satisfies
the optimality conditions , furthermore J =J, [16].

11.7.4. Overlapping optimal state feedback controller
Consider the system S defined by (2.10), now, suppose that the control lawsu,, = K}x,,,

u,, = K’x,, are design to minimize the cost function

‘]ei :j(XiTQei Xei +U; Reiuei)dt' i:112 (279)
0

where Ky =-R;'B'P,, i=12 (2.80)
and P, is the positive semi definite solution of
A; Pi +RiA +Qu —RyB; Re_ilB;Pei =0
(2.81)
which is Ricatti equation [8].
The total cost function for the expanded system is

J.=J3,+3,, =J~(xeTQexe +Uu] R.u,)dt (2.82)
0
where
=blockdia Q.
Qe - g(Qel QZ) (283)
R, =blockdiag(R,, R.,)
H i K;ll Keizlz 1 2
If we write K;=| * 2|, The feedback control law u, =K.x,, K, =block(K;,K7) can be
el2 e22
contracted to the original space as u=Kx Where
Koo Ky 3 0
K =] Kaoy i Kezp + Key | Keip (2.84)
0 K’ K2
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11.8. Summary
In this chapter, we defined the overlapping decomposition and its mathematical background,

and then we moved to the formulation of optimal control problem for different performance index,
after that we have defined the optimal overlapping control technique and finally we combined the
last technique with decentralized control structure to get decentralized optimal overlapping

decomposition control.
We concluded that it is possible to apply this technique for real physical large scale systems for

predefined condition.
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Chapter three

Application of Optimal Decentralized Overlapping
Controller Design

In this chapter, we present examples for which optimal decentralized
overlapping decomposition technique given in the previous chapter is realizable.
The first example is six floor building system with two degree of freedom. The
second is web winding system with three motors and also two degree of freedom.

The same algorithm has been applied for the two examples.
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I11.1.First application: Building overlapping structure system

Engineering is a broad term that includes many disciplines, all of which have in common the
application of science for practical purposes. “Applied science” is approximately equivalent with
“engineering.” While people have built many things that today are within the scope of civil
engineering — buildings, dams, canals, roads, bridges — it is the scientific aspect to the design and
building of such construction that defines modern civil engineering. People combined a practical
knowledge of materials and construction with the mathematics and science that were then

available [37].

Consider the mechanical second order building system shown in Figure.lll.1

Figl11.1.0verlapping structure of building system.
The system shown in Figlll.1 can be represented by the following mathematical model [36]
Mg + Dg + Sq = Bu
y=Cq (3.1)

v=V(

where
M :6x 6 : is the mass matrix, symmetric, positive definite matrix.

D:6x6: is the damping matrix.

S:6x6: is the stiffness matrix.

q:6x1: is the displacement vector, represents the degree of freedom of the system.
u:3x1: is the input signal, sinusoidal signal in this example.

B:6x3: is the input matrix, represents locations of actuators.
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Fig.111.2. Failure response of a building system to earthquake disturbance.

Suppose that this system can be written as
Mll M12 : MlS ql Dll D12 : D13:| ql Sll S12 : S13 ql Bll 0 : 0 ul

------- qz + S21 rs—z;-"-s;;_ q; |= 0 :-B-zz-:--o- u,

—_—— == _———_—k

ds Sa 'Sy Sy |0 0,0 Bs; J[ Us

M31 : M32 MSS qS D31 : D32 . D33

Y1 Cy |_9_l_0_: G

Y2 |=| _q _:_cizg _: 0 |a, (3.2)
Y3 0! 0 Cgujla,

Vi A/ - 0 _E 0 K

Vo =L 9_:_\{22 ! 0149,

v, 0! 0 Vi,lG

Where dashed lines indicate the subsystems, in this example we have only two subsystem S, and S, that
shares common informations (M,,, D,,,S,,,B,,,C,,,V,,)

111.1.1.Expansion and contraction
We have the overlapping system (3.2) and we want to transform it into non-overlapping system
described by

Meqe + Deqe + Seqe = Beue
S, ! Y. =C.0Q, (3.3)

Ve = Ve qe

To do that, we consider the transformation matrices between systems (3.2) and (3.3)

9. =Tq
u =U'u
y. =Gy (3.4)
Vv, = Hv
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q=T'q,
u=Uu,
y=G'y,
v=H'y,

o (3.5)

whereT'T =1, =15, UU' =1 =1,, G'G=1,=1;, H'H=I,=I; And T',U',G' H'indicates the
pseudo-inverse of T,U, G, H respectively.

111.1.2. Sufficient condition for expansion
The system (3.3) is an expansion of the system (3.1) (or the system (3.1) is contraction of the
system (3.3)) if there exist transformation T,U,G and H satisfying (3.4) such that for any initial state

(9. (0), ¢, (0))and for any input u,(t) e R™ for all t>0[35]

q.(0)=Ta(0) [a.(t)=Ta()
G, (0) =Ta(0) = 1 G, (t) =Ta(t) (3.6)
u(t) =Uu, (t) v, (t) = Hv(t)

I11.1.3.Methods for deriving the extension’s condition

Essentially there exist two (02) methods to derive the condition of extension:

> Method one

Requires working directly with the matrix second order equation in both original and
extended system, it means we need to use the matrices M and M, .

> Method two

Starts by transforming the second order system into an equivalent first order system which
means it requires working with M ™ and M_ ™.

I11.1.4. Transformation into state space model
Consider the system (3.1) and its expansion (3.3); define the state vectors x, x, as:

x=(q",4")", x. =(q,,4. )", then (3.1) and (3.3) can be written as

< {)‘(=A(X+ B,u

3.7
Y, =C.X 37)
X, =A. X +B_u
Sex :{ e &X e ex e (3,8)
yex :CEXXE

where
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06><6 |6 06><3 -
A = B, = , C. =diag(C,V
{—M S —MlD} X {MlB g 9 )

and
08x8 IS 08><4 -
= , B, = ,C,, =diag(C,,V.
A\ex |:_Melse _MelDej| ex |:MelBe ex g( e e)

Consider the transformation T,U,G and H satisfying (3.6) for the original system; define the transform
for the expanded system as

T, =diag(T,T) ; C, =diag(G, H)
This implies that

(3.9)

<+ Theorem one

The system s, is an extension of the system s or equivalently s is disextension of s, if and
only if there exists full rank transformation matrices T,U,G and H such that

M,*S,T =TM s

M,*D,T =TM D

M, B, =TM *BU (3.10)
GC=CT
HY =V,T

This equation are found by transforming the system (3.1) and (3.3) into state space model. Equa (3.10) can
be written as

Me_1 =TMT' + M,
S, =TST' + Seq
D.=TDT' +D
: T P (3.12)

B, =TBU + B,

C. =GCT' +C,

V, = HVT' +V,

where

M, My, i 0 My D, D, i 0 Dy Su Slzi 0 S,
M, = My My i 0 Ma| D, - R I s, =51 S2i 0 Sm
M,, 0 My My, Dy, 0 :D, D, Sy O ' Sy Sy
My 0 "My My, Dy, 0 1Dy Dy Sy 0 'S, Sy
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B, =|---- bR
0 By,:'B, O
0 0 0 B33 Cll 0 i 0 0 V11 0 i 0 0
Ki K 0 | 0 C, 0 0 0 V, 0 0
il 1 ” 2 2 1Co =7 R CCEEEE and V, = e
F=]Ky Kyp+Ky Ky 0 0 :C, O 'V,, O
O K221 K222_ 0 O : 0 C33 O O : 0 V33
Ki Ky 0]
L= K;:a K;4 + K123 K124
0 Ky K

where  M.,S,,D,,B,,C, and V. are complementary matrices defined in such way to satisfy the

condition of extension [27].

+« Theorem two [27]

The system (3.3) is an expansion of the system (3.1) if

M,T =0
KT =0
DT =0 (3.12)
B, =0
C,.T =0
V,T =0

Equa (3.11) is satisfied by choosing the complementary matrices as

0 05[], -05[],
0 05[], -05[],
e =] 05[], 05[],
0 -05[], 05[],

(3.13)

o O o o

111.1.5. Contractibility of controllers
Consider the static feedback control laws for the overlapping system

u=Fy+Lv+w (3.14)
and consider the static feedback laws for the expanded system

u =Ry, +Lv, +w, (3.15)
w and w, are external inputs.
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«» Theorem three

The control law (3.14) is contractible to the control law (3.13) if and only if

FC =UF,GC
(3.16)

LV =UL,HV
«» Theorem four

If the system (3.3) is an extension of the system (3.1) and if (3.3) is stable (respectively
asymptotically stable) then (3.1) is stable (respectively asymptotically stable) [16].

111.1.6. Decentralized optimal output feedback control
Consider the system (3.7); our goal is to find control law u = Ky, to minimize the cost function

+00

J::joJQx+uTRmdt (3.17)

—0

such that the closed loop system

S:

c

{)‘(: (A+B,KC,)x
(3.18)

Y, =C.x
is asymptotically stable.

111.1.7.Problem solution
First we have the following two subsystems that have been extracted from the expanded system

M;G.; + D,Ge, + 5,0, =By
Y, =C,0, (3.19.a)
Ver = V10

M, G, + D,0., + 5,0, =B,u,,
Yeo =C,0, (3.19.b)
Vez =V,

Let us transform these two subsystems into state space form to get

Sl . {Xel = &xlxel + Bexluel

(3.20.2)
Y1 = CoaXer
X, = X, +B .u
sz :{ e2 A%XZ e2 ex1¥e2 (320b)
yl = Cex2 XeZ

where
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0 | 0
| s e | g, T | —aingie,w)
1 ¥ 1 1 1 1

0 | 0
&X — |: (2+2)i(2+2) (2+2)i<(2+2) j| , Be>< — |: (2+2)i<(2+2) :| ’ Cex _ dlag (C ,V )
2 _lesz _I\/Ile2 2 —M2182 2 21V2

We generate the optimal output feedback for each subsystem asu =Ky;;i=12, To each
subsystem we associate the performance index:

Ji= J. (XiTQi X + uiT Riui)dt =12 (3'21)

The necessary and sufficient conditions of optimality for each subsystem are:

# R +Ré +Q +CKIRKC, =0

i i~xi

K, =—RBPLC](C,LCH)™ (3.22)

i xi Xi i xi

¢|Li +Li¢|T +X0i =0

where ¢ =A +B,K,C, , X, =X,X5, generally we take x; =1

xi !

The optimal cost can be found as: J, =.5*trace(P X,;)
Ki K Ky K

14

and the optimal control law as u; =Ky, where K, =| = i ; ;
K21 K22 K23 K24

The control law for expanded system is

K, K, 0 0 K, K, 0 0
B K;l K;Z 0 0 K;S K;4 0 0
10 0 K2 KX 0 0 K& K2
0 0 K22l K222 0 0 K223 K224
and the contracted control law for the original system is:
Kp  Kp 0 Ky Ky 0
K= K;l ng + K121 Klzz K;l K;4 + K123 K124 (3-23)
0 Kp Ky 0 Ky o K
To apply this control law for the original mechanical system, we must write it in the form:
u=Fy+Lv+w
Where wis the external input to the mechanical system [39].

We have
Ky K, 10 Ki Ky 10
K=[F,L]and K,=[F, L] with F=|KL {KL+K2TKE |, L=|Kyi KL +Ka1 KE
0UTRY TR, 0 TTRLTT K,

Now, the projection of this control law onto the original mechanical system gives:

Mg + (D + BLV)qG + (K + BFC)g=Bw
y=Cq (3.24)
v=V(q
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111.2. Application two: Web winding system (W.W.S)
The system under study is quite common in industry. The system has at least three motors

(Figurelll.3 (a)): an unwinder, traction motor and a winder, and it present the inherent difficulties

of web transport systems [41].
Consider the W.W.S shown in Fig.111.3 (a-[41],b-[39])

Fig.111.3. web winding system of three motors

111.2.1.Winding process
The system under study has three motors (Figlll.3 (a)) and exhibits the inherent difficulties

of elastic web transport systems.
Figure 111.3 (b) shows the different variables used in the model [20,21 and 40].

» The inputs: the control signals u,,u, and u,,
> The outputs: unwinding web tensionT, .
Traction motor's linear velocityV .
Winding web tensionT,, .
» The web velocity is imposed by the traction motor and the web tension is controlled by the

unwinding and winding motors.

The mathematical model of three (3) motors web winding system can be described as follows:
First the value of the web speed is bounded by two valuesv,__ V... .

Let us define epsilon & as follows
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pobzh AL (3.25)
L L
¢ 1s the strain of the web.
L is the length of the web; L, is the stretched length; L, is the un-stretched length.

111.2.2.Expression of the tension
» Hooke’s law:

T:ESg:ESLS_LO

3.26
| ( )
where

E : is the Young’s modulus of elasticity of the web.
S : The cross section area of the web span.
» Conservation law of mass

The mass of the web remains constant between the state without stress and the state under
stress

poLayhy = p,Lao.h, = oS, = p,S, 1+ &)
mS pSSS 1
=—= =

(3.27)
m, pS, l+e¢
where

p - is the density of the span; p, under stretched, p, before stretched.

m : is the mass of the web; m, under stretched, m, before stretched [42].
Generally, it is acceptable to assume thatS, = S, , so that (3.27) will be

£ _ 1 (3.28)
po l+e

» law of continuity:

o, _ (3.29)

ot ot

dm=p,S, =p,S :d_m_i ]2 (X, 1)S(x,t)dx
_ps s_po 0 dt _dX le ’ '
=P, (0)S, OV, (1) — A (1S, (O, (1) (3.30)

» Assumption

a(xt)=& )= p(xt)=p(t)
{ S(x,t)=S,(t) (3.31)

From the equation above:

Ld[ 1 }_ ACIIRAC

— = (3.32)
dX[1+& () | 1+e,(t) 1+g(t)
Now by approximating

~

1+¢&

1-e= ‘c’.'l (t) = % [52 (t)vz (t) —& (t)vl (t) +Vy (t) -V, (t)]

=T =%[—vlT1 +V,T, + SE(v, —V,)]

(3.33)
For general case i" spam
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L|T| = ES(Vi _Vi—l) +Ti—1vi—1 _Ti (2Vi—1 _Vi) (334)
111.2.3.Expression of the velocity
The velocity of the web span is equal to the tangential velocity of the roller which
means that there is no slide between the roller and web

%(‘]igi):Ri (T —T)+ KU, +C; (3.39)

where

Q, =¥—i . is the angular velocity of the rolleri .

K,U, : is the input torque.

C, : is the torque resulted from the total friction coefficient.

J; 1 is the moment of inertia of rolleri .

R, :is the radius of the roller i [43].
The variation of R, is given by the following equation:

dR (1) hvi(t)

(3.36)
dt 27R (t)
with
h: is the thickness of the web.
The moments of inertia J; can be calculated as follows
3=, + L2 RO-RE) (337)
L, : is the width of the web.
J.;, R, are the moment of inertia and radius of the motor i.
and F =8 (3.38)
with Q=1
R ()

B, - is the viscosity friction constant for motori .

We can find a linear model of this system by linearizing these equations around the nominal
velocity and tension (v,,T,)

The equation (3.30) will be

L|T| :(ES +TO)(Vi _Vi—1)+VO(Ti—1 _Tl) (3-39)
LT, =(ES +T,)(V, —V,) +V, (T, = T,)
Now, state space representation of this system is as follows:

{E@X:A@X+Bmu (3.40)
Y =CX +DU
where
X" :(Vl T1 Vv, Tz Vs T3 vV, T4 Vs)
u'=u,u,u,) (3.41)
\ :(Tu Vs Tw)
and
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—f,t) RE®) 0 0 0 0 O 0 0 |
-E, -v, E, 0 0 0 © 0 0
o -R? f, RR 0 0 0 0 0
0 v, -E, v, E, 0 0 0 0
At)=| 0 0 0 R —-f R 0 0 0
0 0 0 v, -E, -v, E 0 0
0 0 0 0 0 -R® -f R 0
0 0 0 0 0 v, -E, v E,
0 0 0o 0 0 0 0 -RX) f,@®]
[-K,R, () O 0 |
0 0 0
0 0 0
0 0 0 050500000
Bt)=| O KR, 0 |, and Ct)=/0 0 0 01 000 O
0 0 0 0000O0U5050
0 0 0
0 0 0
. 0 0 K,R,(t)]
[J,&) 0 0 0 0 0 0 0 0 ]
0O L 0O 0 0 0 0 0 0
0 03J, 0 0 0 0 0 O
0O 0 0L 0 0 0 0 0
E®)= 0 0 0 0 J 0 0 0 O
0 0 0 0 0L 0 0 0
0O 0 0 0 0 0 1J 0 0
0 0 0 0 0 v 0L O
| 0 0 0 0 0 0 0 0 J,M]
and
R.(t)=R2(0) + R:(0) — RZ (1) (3.42)

The system described above is time varying system because some of its parameters are varying
with time [43].

» Assumption

Because the parameters of the system described above are varying very slowly with time we
can consider it constant in time interval At =[t, t ], so that the system is LTI in the simulation

simulation

interval.
Now let us introduce the parameters of the system described above
Parameter | Its definition Its value
L Length of the web between unwinding and winding roller 1.9m
L, Length of web between unwinding and roller 2 0.475m
L, Length of web between roller 2 and roller 3 0.475m
L, Length of web between roller 3 and roller 4 0.475m

59




L, Length of web between roller 4 and winding roller 0.475m

T, Nominal tension of the web 1.5 Kg(1Kg=10N)
E Young’ elasticity coefficient 0.16 x10° N/m?
L, The width of the web 0.275x107° m

h the thickness of the web 0.1m

K, The torque of the unwinding roller 6.8 Nm

K, The torque of the winding roller 6.8 Nm

K, The torque of the roller 3 2.6 Nm

Q, Angular velocity of the unwinding roller 300 rpm

Q, Angular velocity of the winding roller 300 rpm

Q, Angular velocity of the roller 3 300 rpm

B = B =P, yv:z%?zgyrggltcgrl:n coefficients of unwinding, tractor and 5 0828* 6N m sec/ rad

Tab.l11.1. Parameters used for simulation of three motors web winding system.
Here it is some values of R, (t) for different values of time
Tab.l11.2. Values taken for time varying parameters.

R, () | Interval time R, () f, (t) Ns/m f,(t) Ns/m J,(t) Kgm? | J,(t) Kg m?
0.032 [0 10] 0.098 0.675 0.220 2.15420 2.15420
0.0485 [10 20] 0.0909 0.675 0.360 2.15419 2.15422
0.065 [20 30] 0.0800 0.675 0.548 2.15418 2.15424
0.0815 [30 40] 0.0631 0.675 0.872 2.15417 2.15425
0.098 [40 50] 0.0320 0.675 2.067 2.15413 2.15426

So, for each line in the above table we can construct an LTI system as follows:
{E“i)x =ALX+BOY 5 o 4 (3.43)

Y =CX +DU

and for i =0we get:
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J&) 0 0 0 0 0 0 0 0 K,R () O 0
0 L 0 0 0 0O 0 O 0 0 0 0
0 o J, 0 0 0 O O 0 0 0 0
0 0o 0L, 0 0O O O 0 0 0 0
Et)=| 0 0 0 0 J 0 0 0 0 |B()= 0 KR, 0
0 0 0 0 0oL 0 O 0 0 0 0
0 0o 0 0 0 0 J, O 0 0 0 0
0 0 0 0 0 v, 0O L 0 0 0 0
0 0 0 0 0 0 0 0 J,(t)] | 0 0 K,R,()]
[—f ) R(t) O 0O 0 0 0 0 0 |

-E, -~v, E 0 0 0 0 0 0

0 -RZ f, R 0 0 0 0 0

0 v, -E v, E 0 0 0 0

Alt)=| 0 0 0 R —f R O 0 0

0 0 0 v, -E, -v, E, 0 0

0 0 0 0 0 -R -f R 0

0 0 0 0 0 v, -E -V, Eo

|0 0 0 0 0 0 0 -R(t,) f,@)]
Equation (3.40) now can be written as [44]
{X =E(t) " Al)X +E(t) " B(t)U (3.44)
Y =CX
where

A Ay As By, By i By Cll _C_:l_Z_i_ _C_:}3_
E() " AG)=| Ay (A, L Ay | E(G)'B()=|B, (B, By |, C=|CyiCyl Cy
_A;lni_&_z_ A33 —53;-5"8;2" Bss C31 : ng C33

Applying the same method shown for the first example we can decompose system (3.44) using
overlapping technique as follows:
I11.2.4. Problem’s solution

The overlapping system (3.44) can be expanded to the system:

{xe =(E(t) " A®)). X, + (E®t)"B(t)).U, (3.45)

YE =CeX€
Using the transformation matrices defined by
X, =TX, U, =S'U, y, =Gy
and
T'T=1,=1,, SS'=1,=1,,G'G=1,=1,
and T',S',G'indicate the pseudo-inverse of the matricesT,S,G.

61



A A 0 A B, 0:0 0
Flg_} _A?l___’_*zz_i___o____’fzf_{f.e} 0 Byl 0 O P’}
X e Ay 0 A Ay Xy 0 0B, 0 |u,
A, 0 A3i Ay 0 0:0 B, (3.46)
C, 010 0
‘|:yle:| 0 C221: 0 0 |:X1e:|
y2e 0 i C22 0 XZe
|0 0: 0 C,
with
X =[XI XI] X =[x XI]
U, =[u] U T Uy =[u) g T (3.47)
T T
Ve =¥ V2] YVe=|¥: Vi

«» Theorem 1

The system (3.46) is expansion of the system (3.45) or the system (3.45) is
contraction of the system (3.46) if and only if there exist full transformation matrices T,S,G such
that

(E(t) ' Alty)). T =T(E(t) "Alt,))  [(E(t,)*Alty)). =T (E(t,) *Alt,))T" + A
(E(to)_lB(to»e ZT(E(to)_1 B(to))s = (E(to)_lB(to))e ZT(E(to)_lB(to))S + Bs
C, =GCT' C.=GCT' +C,

A, B, G, : are complementary matrices satisfying the condition of the following theorem.

«» Theorem 2

The system (3.46) is an expansion of the system (3.44) if

AT =0
B, =0 (3.48)
C.T=0
with
0 5A, -5A, 0
0 5A, -5A, 0
A=l _sa, 5A, O (349)
0 -5A, 5A, 0

111.2.6. Summary

We have seen in this chapter application of decentralized optimal overlapping decomposition
for real systems, the first was six floor building system, for which we have given brief
mathematical description of the system and the process being applied. The second was web
winding system (applied for paper, metal ...etc) with three motors, unwinding motor, tractor and
winding motors.
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We conclude that designing an algorithm for such type of systems is possible because it satisfies
condition for this algorithm (condition of expansion / contraction, condition of contractibility of
controllers)
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Chapter four

Simulations’ results

In this chapter, we present the MATLAB'’s graphical user interface which is
used to interface the algorithm developed in the whole work, then we show the
detailed steps for the user to use correctly these two simulated systems and find out
successfully the results according to the need of the user. At the end we discuss the
results founded for both building and web winding systems
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IV.1. Introduction

This chapter concerned about all simulations done in this work, and also all results found
from it, with discussion for each interesting graphs. We first show how to simulate GUI of
developed algorithms where we start by GUI of building system for both optimal and non-optimal
control and then we move to GUI of web winding system for which we simulate the model for
also optimal and non-optimal decentralized optimal control.
We didn’t give all results of simulation but just results that seams interesting to our study.

IV.2. Flowchart of algorithm

The flowcharts for different steps of overlapping decomposition are shown as follows:

[ Original system ]

}

[ Overlappina decomposition ]
)

\ 4
[ Centralized control ] [ Decentralized control ]
[ Optimization technics ] [ Optimization technics ]

l

[ Comparison of the results J

Fig.1V.1. Flow chart of algorithms developed in this work
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<> First, we start by algorithm of decomposition

Beain

N
[ Define the original system

(ABC)

\ 4

N\
[ Choose n (the number of

subsystems)

\ 4

Choose T, S, N, EA, EB
and E¢

Compute Ae, Be and C. of

No Are the necessary
conditions of
expan5|on satlsfled’P

CemD

Fig.1V.2. Flow chart for the decomposition of the dynamic system S
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% Algorithm of optimal decentralized control

Choose the initial gain K'=K and a tolerance & on
the norm of Vv, ,

\ 4

Solve the design equation (3.22)

A\ 4

Compute V,_,J using (2.67)

[ Set K=k ]

No

Yes

7‘!\

Fig.1V.3. Flow chart for decentralized control of dynamic system
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IV.3. Graphical User Interface (GUI)
1V.3.1. What is GUI
Matlab has modest resources to create a Graphical User Interface (GUI), it might be
useful for applications where navigation complexity is an issue and to present users with
information about a model; the GUI tool included in MATLAB is similar to those found in many
high-level languages (drag-drop approach). The idea is to create a simple interface dragging some
pre-built object to an empty figure. To start the GUI tool type >>guide at the command prompt.

V.3.2. GUI Development
GUIDE, MATLAB’s Graphical User Interface development provides a set of tools for
laying out your GUI; the layout editor is the control panel for GUIDE. To start the layout Editor
uses the guide command. The following picture shows the layout Editor with the show names in
component palette preference selected [45].

=10 >

Filz Edit View Lavout Tools Help

D H| % Bl | & EBcd Bl -

il (|| 2 |E)| B

k|=|@|0|%|e|E ]

[Current Point: T72. 4011 [Positicn: 520, 380, 560, 4201

Fig.1V.4. Layout editor of GUI with its entire component

Creating a GUI consists of two steps. Step one: is to design the user interface including figures,
buttons and menus. Step two: is to create the MATLAB code that runs when buttons are pressed.
The code goes in callback functions that are activated each time a button is pressed.
To make things simple, Matlab includes a GUIDE application that provides a WYSIWYG
interface for laying out components on the screen and creates stub callback functions. GUIDE is
ideal for most simple GUI applications.
Start GUIDE from the MATLAB command line  >>guide

1V.3.3. How to create a GUI

In the MATLAB command window: >>guide: opens GUIDE quick start then select

blank GUI.
File ->Preferences ->GUIDE: Show names component palette.
View ->Property inspector: Click and drag to resize girded layout area to desired size, or use
position property in Property Inspector to set an exact size.
Tools -> Application Options ->
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Resize behavior = Proportional.

Add Components.

Use Static Text component for labels.

Align components using the Align tool bar button.

Label component using string property.

Label figures using Name property.

For Popup Menu, String property gets one line per menu entry.
Tag components, Tag property; e.g. button “’go”.

NSRRI NE NE NN

Save GUI using tools: Run will save both a Figure file and M file under the chosen name (“untitled2010
“in this project ).
1V.3.4. How to create a GUI’s code

Place code that should run when the application starts in the opening function which is
called guiname —openingFcn (). Place code after comments (begins with <). Place codes for
buttons and other components in the appropriate callback function stubs that are at the end of the
M file [45].

1V.3.5. GUI applications

The GUI is used in this study to represent the two real application of the proposed
method. We have used in this interface mathematical models for two real systems; the first which
is building system contains six degree of freedom and the second is web winding system with
three motors. To simplify the use of our GUI we have developed directive GUI for selecting
example wanted to be simulated.

You can use this interface to select system for simulation as follows:

1. Open “untitled2010” GUI from MATLAB GUI files

(4 maTLae 7.5.0 (R2007b) W . . PP e e n - - ——— i I =
[F Edit Debug Distributed Desktop  Window Help
[ hew EVECR ciUsers\Doghmane\Documents\MATLAE  ~ | ] @
Open... Ctrl+0 Figure
Close Command Window Variable c b
Import Data... Model D New to MATLAB? Watch this Video, see Demas, or read Getting Started. =
S LS Deployment Project |
Set Path... (—];f(—
Preferences... asic
2 KB 231
Page Setup... 5 KB DA
Print... = 3 KB 1210
3 KB 10/C
1 KB 181
1. Z\ini_ANTLWIND_UP_2.m b 4KB 1200 _
2 €\ TLABURtitled1111m R
3 Co\.nEAMATLAB myfun 4.m =
w0 a x
4 C\nts\MATLAB myfun2.m —
Exit MATLAB Ctrl+Q
E-%—— 09/11/10 10:31 —-%
rolo
%—— 10/11/10 10:0&8 —--%
%—— 10/11/10 10:08 —--%
BH-%—— 10/11/10 14:56 —-%
fosmimulink
Peg—— 11/11/10 14:12 —-%
B-%—— 22/11/10 08:12 —-%
guids El
...... i
[ start] OVR

Fig.1V.5. First step of opening a Matlab GUI
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The select “c:\Users\Doghmane\Documents\Matlab\Untitled2010.fig” from “open Existing GUI” as shown
below:

"B GUIDE Quick Start =N

Create Mew GU| Cpen Existing GUI

Recenty opened files:

i& CAProgram FilesiMATLABIR 2007 bhelpitechdocicreating_guisiexamplesisimple_gui.fig
ik ChllsersiDoghmaneiDocumentsiATLABWNtitied 2010 fig

ik CAllsersiDoghmaneiDocumentsiATLABWNtit ed 303 fig

ik Callsers\DoghmanetDocumentsiATLABWNtIt edmodel fig

#k ChllsersiDoghmaneiDocumentsiATLABWNtited 2000 fig

ik CAllsersiDoghmaneiDocumentsimATLABWNtited 1111 fig

ik CallsersiDoghmaneDocumentsimATLABWNtted 333 .1

Browwse. ..

Jpen ” Cancel H Help ]

Fig.l1V.6. Second step of opening a Matlab GUI

Then, select system that you choose to simulate

(B untitieazo10 EEREEE ™<=}

— The two problems

Choose exampl 1 ar 2

Building example web winding example

Fig.1V.7. Selecting step of the chosen system.
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I1VV.3.6. GUI of building system

From the selective GUI we choose “building example”, this will guide us to the GUI of building

system

i L -
B i P =~

reset

non optimal syst

execute 1

— state feedback

execute 2

M

J2

— Optimal systh

— Ccentralized system

execute 3

Jet

— subsystem 1

execute 4

— sub-system 2

execute 5

Jc2

V.3.7. Results for building system
Results founded in this paper using Matlab 2007 simulation, where first, we started with

Fig.1V.8. GUI of building system with optimal and non-optimal simulation.

centralized non-optimal controller for each floor as shown in figures below. First; we start by
“executel” which allows us to simulate non-optimal system where here we care only of
minimizing the response of the building to earth quick disturbances
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r
B untitled303

x10°

LA

- o — | —— - -
— of
reset ‘ — Optimal syst
non optimal syst — centralized sysh
| execute 3
exscute 1 |
Jot
— subsystem 1
— state feedback
execute 4
execute 2
Jet
-t
— sub-zyst 2
H
execute 5 ‘
J2 Jc2

Fig.1VV.9. Simulation of non-optimal control of building system.

razponses £ overlapping system

force response (Kn)

Lh

open loop
closzd loop

=]
et

400

60

time {ms)

responses I8 overlapping system

a-

800 1000

foroe reponse (Kn)
L]

[
et

400
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time {ms)

800

1000

responses £ overlapping svstem

.05

(Kn)

force response

i
(=]
(=]
LA
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time{ms}

b-
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Fig.1V.10. Non-Optimal centralized control system; a- Flour2, b-Flour 4, c-Flour 6
Then we apply decentralized non-optimal controller for the same floors (Figures.V.15).

=10 rasponsas £2 subevstam]
E2
2
g
E 0
B2
2
5]
(L7 1 1 1 L
0 2 4 6 3 10

rasponsas 4 subevstaml

— open loop

2005
E 0.05 closad 1
&3
2w
i’
2
2005

0 2 4 g g 10
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- eoe ¥ enberes "
responses £2 subsystem? responses £ subeystem?

[":J.E 1 Gpen Toop . — open loop
E closed loop E closzd loop
& a 'y
2 =20
3 z
2 2
= . . . . 0.2
oo 2 4 é g 10 0 : 4 6 : 10
tima (s=conds) time (z=conds)
-C- -d-

Fig.1V.11. Non-Optimal decentralized control; a- subsystem 1 flour2, b- subsystem 1 flour 4, c-
subsystem 2 Flour2, d- Subsystem 2 Flour 4

We notice that in common floor (Fig.IV.11,b and d) the response of system in closed loop form
still effective ; this is according to the interconnection between subsystems.
An optimization technique was applied for centralized and decentralized controller as show in

B untitled303 . - —— - -
— of
reset ‘ * — Optimal =yt
non optimal siysts — centralized syst
execute 3
execute 1 ‘
Jet
— subsystem 1
— state feedback.
] execute 4
execute 2
Je1
4 731583
— sub-system 2
n 247375
execute 3
J2 141547 Jc2

Fig.1V.12. Simulation of optimal control of building system

responsas £2 optimal overlapping system razponses £6 optimal overlapping system

0.02 =035
g =
g z
Bl =
i 2
a = E
g B
= =]
o= g

0.02 1 1 1 L E-Ei L L 1 1

0 200 400 600 300 10010 0 200 400 600 300 1000
time (ms) time (ms)
e b-

Fig.1V.13. Optimal centralized control system; a- Flour 2, b- Flour 6

Even when we applied optimization responses in Fig.12 still valuable which may make damages
to the building. The cost function of centralized controller is J, =7.31*10°while decentralized

controller the
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Fig.1V.14. Optimal decentralized control ; a- Subsystem1 Flour 2,b- Subsystem 1 Flour 4, c-
Subsystem2 Flour 2, d- Subsystem 2 Flour 4

cost functions of subsystems 1 and 2 are respectively J, =2.47*10°and J, =1.41*10°.

The overlapping decomposition method has been presented in this example, and then the inclusion
principle has been introduced to provide a mathematical framework for decentralized control. The
inclusion of the cost function has also been discussed to incorporate the optimal control problem for
large scale systems where the concept of contractibility of controllers has been discussed. Optimal
decentralized dynamic output feedback controllers design has been proposed for building systems
with overlapping structure. Non-optimal overlapping centralized and decentralized controllers are
designed for which we found that decentralized controller give better results. Furthermore to improve
these results we developed an optimization technique that allow us not just design optimal controller
but also minimize the cost function of the whole system for decomposed decentralized
(J,=247*10°,J, =1.41*10° ) in comparing to centralized (J, =7.31*10°%) controller; where we it is
clear that J, +J, <J,.
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1VV.3.8. GUI of web winding system

From the selective GUI, we choose “web winding example”, this will guide us to the GUI of web
winding system as shown in Figure bellow

Bl untitled2000 = ——— - -

— ek winding system

— optimal system

— centralized system

— non optimal system

Jet

— decentralized subsystem

— state feedback

Jot

— decentralized subsystem?2

Jct

Fig.1V.15. GUI of web winding system with optimal and non-optimal simulation.

1VV.3.9. Results for web winding system

Results founded in this paper using Matlab 2007 simulation, where first, we started with centralized
non-optimal controller for each motor.

First; we start by “executel” which allows us to simulate non-optimal system where here we care
only of stabilizing the response of the web winding system to disturbances.
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FigV.16. Simulation of non-optimal control of web winding system.

1. Non-optimal centralized control

In this part, our goal is to stabilize the response of each controller where vy, is the response of
unwinder motor (tension T, ), v, is the response of tractor motor (velocity V,) and vy, is the response
of winder motor (tension T, ). To simulate this system as an LTI system, we consider a range times

t,, t, t,, t, and t, where for each range time we found
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time (ms) time (ms)
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Fig.1V.17. Non-optimal centralized responses; a,b- unwinder motor , ¢,d- Second motor, e,f- winder
motor.

The left sides of Fig.V.17 represents the open loop responses for unwinder, tractor and winder motors
respectively, however the right sides are the closed loop responses of the same motors where

*For unwinder motors: the open loop response (tension value) goes to negative infinity (-5*10%)
when time response is close to 10s, however for centralized closed loop response , it has a peak of
.23 at t =50msthen it back to zero for less than t=0.2s .

*For tractor motor (common part): also the open loop response goes to positive infinity (2.5*10")
when t —10showever, for centralized closed loop response it has long response of about 10s; this
may be according to the interaction between unwinder and winder subsystems in this region.

*For winding motor: the open loop response (tension value) goes to 4*10*° for t —10s, however it
will be stabilized for less than t=0.2s after a peak of 0.8 at t =40ms

As we see here, the goal of stabilizing unwinder and winder and tractor response is reached with
centralized control but the response of overlapped area have a long response this is according to the
interaction between subsystem of unwinder motor and subsystem of winding motor.

Such long response is not acceptable in these industrial systems because time is most important factor
in transporting industry in addition to the damage to the transported material.

To solve such problem we have applied overlapping decomposition that allows us have to separate
systems with separate decentralized controller as described before where, the first subsystem contains
the unwinding motor y, and decomposed tractor motor response y, ;subsystem1(y,, y,) and subsystem

contains the winding motor response and decomposed tractor motor response subsystem2(y,,y,) as it
is shown in figure below:
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Fig.1V.18. Non-optimal decentralized responses fort,; a, b, c, d: subsystem 1, e, f, g, h: subsystem 2
Here, we notice overlapping decomposition allows us to design decentralized controller for each
subsystem, where the response of overlapped are in original system has long response (10s), however
here it is only 2s (see Fig.IV.18. f) for subsystem 1 and .2s (see Fig.IV.18.h) for subsystem 2. For the
next range time ( t, t,, t, andt,), we will show results of decentralized control since it is our interest

in the next parts.
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Fig.1VV.19. Non-optimal decentralized responses fort, ; a, b, ¢, d: subsystem 1, e, f, g, h: subsystem 2
*For subsystemlin Fig.1V.19: unwinding motor is stabilized for t =3swith peak of 0.3 however the
decomposed tractor motor response is stabilized at t =3s but peak of 0.05.
*For subsystem?2 in Fig.l1V.19: winding motor response is stabilized in 0.2s with peak of 0.7*10™ at
.05s, however the decomposed tractor motor response is stabilized in 0.2s too but with peak of 0.6.
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Fig.1V.20. Non-optimal decentralized responses fort, ; a, b, ¢, d: subsystem 1, e, f, g, h: subsystem 2

*For subsystemlin Fig.1V.20: unwinding motor is stabilized for t=3s as fort, but with peak of 0.4
however the decomposed tractor motor response is stabilized at t =3stoo with same peak oft, .

*For subsystem2 in Fig.1V.20: winding motor response is stabilized in less than 0.2s with neglected
peak, however the decomposed tractor motor response is stabilized in 0.2s too with same peak as

int,.
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Fig.1V.21. Non-optimal decentralized responses fort,; a, b, c, d: subsystem 1. e, f, g, h: subsystem 2
*For subsystem1l in Fig.1V.21: unwinding motor is stabilized for t=2.5s with peak of 0.5 however

the decomposed tractor motor response is stabilized at t =3s but peak of 0.1
*For subsystem2 in Fig.1V.21: winding motor response is stabilized in 0.2s with peak of 0.8 at .05s,

however the decomposed tractor motor response is stabilized in 0.08s with peak of 8*10°°.
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Fig.1V.22. Non-optimal decentralized responses fort,; a, b, c, d: subsystem 1. e, f, g, h: subsystem 2
*For subsysteml in Fig.1V.22: unwinding motor is stabilized for t =3s with peak of 0.6 however the
decomposed tractor motor response is stabilized at t =3sand peak of 0.1 as in t,

*For subsystem2 in Fig.1V.22: winding motor response is stabilized in 0.2s with negative peak

of10™* at .07s, however the decomposed tractor motor response is stabilized in 0.02s with peak
of0.21.

It is noticeable that response of unwinding, tractor and winding motors have the same shape response
separately for different regions values of time (t,, t, t,, t, and t,) , it differs only in amplitude and
time needed for stabilizing each motor of the subsystems.

Till now, we have successes in designing decentralized controller using overlapping decomposition
in order to stabilize the decomposed systems locally then globally which means we have solved the
control problem, but in practice the economic side of such industrial systems drive us the solution of
the control problem in terms of minimizing a cost function and maximizing the benefits of the
controlled system. Optimal control theory is concerned with obtaining controller with minimum cost
function (desired value) and at the same time stabilize the system with certain performance measures.

For optimal decentralized system we found the following results:
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Fig.1V.23. Simulation of optimal control of web winding system.
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Fig.1V.24. Optimal decentralized responses fort,; a, b, ¢, d: subsystem 1. e, f, g, h: subsystem 2
*For subsystemlin Fig.1V.24: unwinding motor is stabilized for t =6swith peak of 0.2 however the
decomposed tractor motor response is stabilized at t=4sbut peak of 0.04. The cost function is
J, =1.355*10"

We notice here that stabilization time is larger than in non-optimal algorithm; this is according to
optimization algorithm which takes time to calculate the minimum cost function.

*For subsystem2 in Fig.1V.24: winding motor response is stabilized in 0.2s with peak of 0.7*107° at
.05s, however the decomposed tractor motor response is stabilized in 0.2s too but with peak of 0.6 as
in non-optimal system, the cost function is J, =431.845.

In comparing with optimal centralized control which gives cost function of J, =1.439*10", it is clear
that J, +J, <J,; which means that overlapping decomposition doesn’t just minimize complexity of
calculation but also minimize the cost function of the optimal system.
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Fig.1V.25. Optimal decentralized responses fort ; a, b, c, d: subsystem 1. e, f, g, h: subsystem 2
*For subsystemlin Fig.1V.25: unwinding motor is stabilized for t =.4s with peak of 0.5 however the
decomposed tractor motor response is stabilized at t=.6sbut peak of9*10°. The cost function
isJ, =1.335*10".

*For subsystem?2 in Fig.lV.25: winding motor response is stabilized in 0.2s with peak of 0.7*10™ at

.05s, however the decomposed tractor motor response is stabilized in 0.2s too but with peak of 0.6 as
in non-optimal system, the cost function is J, =431.845.
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In comparing with optimal centralized control which gives cost function of J, =1.4398*10",
it is clearly that J, +J, <J,; which means that overlapping decomposition doesn’t just

minimize complexity of calculation but also minimize the cost function of the optimal
system.
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Fig.1V.26. Optimal decentralized responses fort,; a, b, c, d: subsystem 1. e, f, g, h: subsystem 2
*For subsystemlin Fig.1V.26: unwinding motor is stabilized for t =.2s with peak of 0.7 however the
decomposed tractor motor response is stabilized at t=4sbut peak of8*10°. The cost function
isJ, =1.15781*10".

*For subsystem?2 in Fig.l1V.26: winding motor response is stabilized in 0.2s with peak of 0.7*10™ at
.05s, however the decomposed tractor motor response is stabilized in 0.02s too but with peak of 0.6
as in non-optimal system, the cost function is J, =455.398.

In comparing with optimal centralized control which gives cost function of J, =1.21185*10", it is
clearly thatJ, +J, <J,; which means that overlapping decomposition doesn’t just minimize

complexity of calculation but also minimize the cost function of the optimal system.
% For t,
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Fig.1V.27. Optimal decentralized responses fort,; a, b, ¢, d: subsystem 1. e, f, g, h: subsystem 2.

*For subsystemlin Fig.1V.27: unwinding motor is stabilized for t=.2s with peak of 1 however the
decomposed tractor motor response is stabilized at t =.8sbut with peak of 8*10™° . The cost function

isJ, =1.0418*10".

*For subsystem2in Fig.1V.27: winding motor response is stabilized in .2s with peak of 0.7*10° at
.05s, however the decomposed tractor motor response is stabilized in 0.2s too but with peak of 0.5 as
in non-optimal system, the cost function is J, =509.955.

In comparing with optimal centralized control which gives cost function of J, =1.11383*10", it is
clearly that J, +J, <J,; which means that overlapping decomposition doesn’t just minimize
complexity of calculation but also minimize the cost function of the optimal system.
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Fig.1V.28. Optimal decentralized responses fort,; a, b, ¢, d: subsystem 1. e, f, g, h: subsystem 2.

*For subsystemlin Fig.1V.28: unwinding motor is stabilized for t=.2s with peak of 1 however the
decomposed tractor motor response is stabilized at t=.6sbut peak of 7*10™* . The cost function
isJ, =9.6574*10%.

*For subsystem2in Fig.1V.28: winding motor response is stabilized in 0.2s with peak of 7*10™° at
.05s, however the decomposed tractor motor response is stabilized in 0.2s too but with peak of 0.25,
the cost function is J, =823.58.n comparing with optimal centralized control which gives cost
function of J, =1.10809*10", it is clearly that J, +J, <J,; which means that overlapping

decomposition doesn’t just minimize complexity of calculation but also minimize the cost function of
the optimal system.

We notice here that time response of optimal system is less than the non-optimal system except for
tO

But the sum of the cost function of subsystem is always less than the cost function of the original
system; this is also one of the advantages of the overlapping decomposition technique for
optimization principle.

V.4, Summary
In this chapter, we started by giving the algorithms that implemented in this project, then we
move to describing MATLAB’s graphical user interface and how to create it and use it , we also
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explain how to use GUI that was implemented in order to represent the developed algorithms for
each system (building system and web winding system).

We have finished by analyzing the results founded for each system and extracting the advantage and
disadvantage of decentralized optimization.
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Conclusion

Our objective in this study was to design decentralized optimal overlapping decomposition
controller for real physical systems, for which we demonstrate the advantages of using overlapping
decomposition techniques in minimizing the complexity of large scale system and also efficacy of
decomposition of optimal control into smaller optimization problems.

The overlapping decomposition method has been presented in this study, and then the inclusion
principle has been introduced to provide a mathematical framework for decentralized control. The
inclusion of the cost function has also been discussed to incorporate the optimal control problem for
large scale systems where the concept of contractibility of controllers has been discussed.

Optimal decentralized dynamic output feedback controllers design has been proposed for six floor
building system and then three motors web winding systems with overlapping structure. Non-optimal
overlapping centralized and decentralized controllers are designed for which we found that
overlapping decentralized controller give better results in addition to simplifying calculation and
reducing complexity.

For the building system, it contains six floors where this system is considered a combination of two
overlapped subsystems for which subsystem one contains floors (1,2,3 and 4) and subsystem two
contains floors (3,4,5 and 6), it is clear that floors (3,4) are the overlapped region between the two
subsystems.

For the application of web winding system; it contains three motors (the unwinding motor, the
tractor motor and the winding motor) and considered as two subsystems combination too, the first
subsystem gathers the unwinding motor with the tractor motor, the second subsystem gathers the
tractor motor with the winding motor, where it is clear here too that the overlapped region is the
tractor motor, for the unwinding and the winding motor we are interested on the measuring the
tensions (T, and T,,).

Furthermore to improve these results we developed an optimization technique that allow us not just
design optimal controller but also minimize the cost function of the whole system in comparison to
original one. Where, for decomposed decentralized subsystems one and two J,and J,respectively is

generally less than centralized cost function J, .
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Perspectives

Several assumptions topics made in this work may be questioned for further study

>

Larger systems may be studied, especially where there more than one overlapped region in the
system (multi-overlapping structure).

Since the system studied around equilibrium point can’t allow as guess stability far away from
these points, it is necessary to more general method to conclude about it.

This method we studied a linearized system which means our results depends not just in
algorithm proposed but also in the linearization algorithms applied.

Overlapping decomposition deals only with gain matrices for linear or linearized large scale
system, it is necessary to discuss another method of decomposition deal with nonlinear system.
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Appendix A: Matrix Algebra
The purpose of this appendix is to present specific types of matrices that were used throughout the
report. Mainly, the importance is given to the M-matrices, due to their usefulness in providing
connective stability of large scale dynamic systems. The following notation will be used throughout
this appendix.
A= (a;)denotes the real nxnmatrix with a; being its i, j"element and i, je N, where N is the set
of indices {1,2,...,n}. AT is the transpose of A, det( A) is its determinant. 4 (A) denotes the i Eigen

values of Arespectively.
¢ Matrix rank

The rank of a matrix is the dimension of the largest array with nonzero determinant.
« Matrix Eigen values

The Eigen values A[A](i=12,...,n) of annxnmatrix are defined to be real or complex numbers for
which vectors X, exist such that
AX, =AX,, i=12,..,n (A1)
+ Quadratic forms and definite matrices

Given a square matrix Q and a vector X R, we call f(x)=X"QX a bilinear or quadratic form.
We assume Q is real
e Qs positive semi-definite if f(x) >0 for all nonzero x.

e Qis positive definite if f(x)> 0 for all nonzerox.
e Qis negative semi-definite if f(x) <O for all nonzero x.
e Qis negative indefinite if f(x)~<0 for all nonzero x.

+« Norm of matrix

Let be an nxmmatrix; the scalar valued function ||A|is called the norm of Aif it satisfies the

following properties:
e ||A|>~0provided notalla; =0.

o a|A=|af|A|forall eR.
o [A+B[<[A]+]B]

Some valid norms are:

|A], = Z|ai,-|
i=1 j=1
n m 1
IAl, = > a5)? (A2)
i1 j1
A, = maxi|aij|
=1

Definition.Al: an nxnmatrix Ais said to be nonnegative (positive) if a; >0(a; ~0) for all
i, je N ,we denote it by A>0(A>-0).
The Metzler matrix was first introduced in economics. The economists do not agree on the

definition of the Metzler matrix, two definition are stated:
Definition.A.2: an nxnmatrix Ais Metzler matrix if
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<0, i=]j
o A3
% {zo, i | A3

foralli, jeN.

Definition.A.3: an nxnmatrix Ais Metzler matrix if a, >0, i=j, where i,jeN, these two
definition are used for stability tests.

Definition.A.4: an nxnmatrix Ais called stable (or Hurwitz) if Re(4 (A))<0forall ieN.

Theorem .A.1:
An nxnMetzler matrix Ais stable if and only if:

a; Q, .. 4
a a e a
() R *1-~0 VvkeN (A.4)
akl ak2 akk
Another fundamental theorem related to Metzler matrices is:

Theorem.A.2:
An nxnMetzler matrix Ais stable if and only if it is quasi-dominant negative diagonal.
We can dispense with the Metzler structure of Aand use the diagonal dominance to conclude
stability.
Another class of matrices is useful when using vector Lyapunov functions in establishing stability
of large scale systems is considered.
Definition A.5: areal nxnmatrix Ais called positive definite if x" Ax>0for all n vector x=0.
by writing A=B+C, where B=(A+A")/2is the symmetric and C=(A-A")/2the Skew

symmetric part of A, we can show that x"Cx=(x"Cx)=—x"Cxand x'Cx=0, so that x" Ax=x"Bx.

Therefore, Ais positive definite if and only if its symmetric part B=(A+ A")/2is positive definite.
We can also recall the classical Lyapunov results:
Theorem A.3
A matrix Ais stable if and only if for any positive definite symmetric matrix G there is a positive
definite symmetric matrix H such that
ATA+HA=-G (A.5)

In stability analysis of large scale systems, it is essential to find conditions under which is the
solution H of the Lyapunov matrix equation (A.3) is a positive matrix, that is all its elements are
positive numbers. This problem is resolved as follows:
Theorem A.4:
If a matrix Ais Metzler and stable, then for any positive and positive definite symmetric
matrix G there is a positive and positive definite symmetric matrix H as a solution of the
corresponding Lyapunov matrix equation.
Conjecture
If a matrix Ais stable, then there is positive definite symmetric matrix G such that the matrix H as
a solution of the corresponding Lyapunov matrix equation is a positive and positive definite
symmetric matrix.

¢ Pseudo-inverse:

e |eft invertible transformations:

Let us denote by S(S,,S,)the set of all linear transformations mapping the linear space S, into the

linear space S,over the field E, both S,and S, are assumed to be finite dimensional.

A transformation T e S(S,,S,) is said to be left invertible if there exist a transformation T, such that:
TT=1, (A.6)
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Where [, denotes the identity transformation inS,. If equation (A.4) holds, then the transformation
T,is called a left inverse of T (pseudo-inverse).

Theorem A.5:
Let T €S(S,,S,)and let dim(S,)=n, dim(S,)=mthe following statements are equivalent:

1. T isleft invertible.
2. KerT ={0}.
3. T defines an isomorphism between S,and ImT
4. m>nand rank(A)=n.
5. Every representation of T isan mx nmatrix with m>nand full-rank.
o |eft invertible matrices
Theorem A.6:

The followings statements are equivalent for any matrix A< E™"
1. The matrix Ais left invertible.

2. m=n and rank(A)=n.

3. The columns of Aare linearly independent as members of E™.
4. ker A={0}.

The set of all left inverses of Aare given by the solutions of

XA=1, (A7)
Where Ais left invertible. To describe the solutions of equation above, we first apply a permutation
matrix P e E™"such that the nxmnonsingular sub-matrix A in PA occupies the top nrows, that is:

PAz[:ﬂ: A €E™™, detA =0 (A.8)

It is easily verified that matrices of the form
[A*-BAA'B|P foranyBeE™™™ (A.9)

Satisfy equation above, that are left inverses (Pseudo-inverses) of A.
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Appendix B: interaction analysis of MIMO system
Consider the multi input multi output system defined by the following equation:
{X=Ax+ Bu (B.1)
y =Cx
Where x(t)eR", y(t)eR' and n,I~1; this means that there is interaction between the loops of the

system, analyzing such interaction can be done as follows:
1) Analysis of the interaction by constructing the DRGA

2) Selection of the preferable control configuration.
3) Design of compensator k(s) using proposed algorithm.

System described by eq (B.1) can be written in Laplace domain as follows:

YO) _ 56 (B.2)
X(s)
where G(s)=C(SI -B)™* (B.3)

Analysis of interaction for this system can be done by studying G(s)in specific value of
frequencies, where the Laplace variable is

S=jw (B.4)
Considerable insight into the behavior of interacting systems under perfect control is afforded by
the RGA. For a system of interacting loops the general element of the RGA can be written as

A= (An ) (B-5)
where
(aayui_)all loops open
(ﬁ"lj)z ay.J (B-G)
(7I )only y;—u; open
ou i i

The partial derivatives represent steady state gain factors evaluated under the conditions noted in
parenthesis (the array therefore relates to the use of perfect controllers only). For a system of two
loops application of the property that elements in any row or column in A sum to unity allows
construction of the full array on the basis of ( 4,,) only. Having constructed A , an extensive body of
experience in its interpretation can be drawn upon. In essence, diagonal dominance in A with
diagonal elements close to unity indicates both correct pairing of measured and manipulated
variables and the absence of potential for interaction. The RGA has been extended to take account
of system dynamics in the DRGA [46].
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